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Surface waves travel much faster than the underlying water	





Free Surface Turbulence	



• Kolmogorov spectrum:	



• Kolmogorov-Zakharov spectrum:	



– A.k.a. “wave” or “weak” turbulence	



– [Zakharov 1968]	
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Free Surface Turbulence	



• The approach	



– Low resolution simulation initiates waves	



– Run a wave simulation on the liquid surface	



– All purely Eulerian	
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Closest Point Method	



• A simple embedding method	



– [Ruuth and Merriman, 2008]	



– [Macdonald and Ruuth 2008]	



– [Macdonald and Ruuth 2009]	



– [Macdonald, Brandman and Ruuth 2011]	





2D Wave Equation	
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After each step, 	


re-extend	
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Closest Point Method	



• Works well for	



Laplacian: 	

 	

 	

Gradient:	
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iWave Equation	



•  [Tessendorf 2004]	
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Superman Returns (2006)
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iWave Equation:	



∂2φ
∂t 2

= −∇2φ

∂2φ
∂t 2

= c∇2φ

Wave Equation:	





Fractional Laplacian	



• Scaled sum of Bessel functions:	
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• Scaled sum of Bessel functions:	
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Fractional Laplacian	



• Scaled sum of Bessel functions:	
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This is an Abel transform	
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Inverse Abel Transform	
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Inverse Abel Transform	
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Inverse Abel Transform	





Finding	



• Any 2D operator can be applied to the Closest 
Point Method by taking its inverse Abel transform	
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Turbulence Seeding	
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Conclusions	



• Up-res liquids with a surface simulation	



• The Closest Point Method (CPM) is simple, 
robust Eulerian method	



• Adapt 2D stencils for CPM using the inverse Abel 
transform	



• More details in paper	



– Turbulence seeding	



– Frozen core extension	





Future Work	



•  Implicit CPM integrator?	



• Up-res FLIP liquids?	



• What other operators can we apply?	





• NSERC Discovery, “Many-Core Physically 
Based Simulation”	



• NSF CAREER, “Enabling Efficient Non-
Linearities in Biomechanical Simulations”	



• Side Effects Software, especially Jeff Lait	
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