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Abstract

Simulating dynamic deformation has been an integral component of Pixar’s storytelling
since Boo’s shirt in Monsters, Inc. (2001). Recently, several key transformations have been
applied to Pixar’s core simulator Fizt that improve its speed, robustness, and generality.
Starting with Coco (2017), improved collision detection and response were incorporated
into the cloth solver, then with Cars 3 (2017) 3D solids were introduced, and in Onward
(2020) clothing is allowed to interact with a character’s body with two-way coupling.

The 3D solids are based on a fast, compact, and powerful new formulation that we have
published over the last few years at SIGGRAPH. Under this formulation, the construction
and eigendecomposition of the force gradient, long considered the most onerous part of
the implementation, becomes fast and simple. We provide a detailed, self-contained, and
unified treatment here that is not available in the technical papers. We also provide, for
the first time, open-source C++ implementations of many of the described algorithms.

This new formulation is only a starting point for creating a simulator that is up challenges
of a production environment. One challenge is performance: we discuss our current best
practices for accelerating system assembly and solver performance. Another challenge
that requires considerable attention is robust collision detection and response. Much has
been written about collision detection approaches such as proximity-queries, continuous
collisions and global intersection analysis. We discuss our strategies for using these
techniques, which provides us with valuable information that is needed to handle
challenging scenarios.
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1. Introduction

Chapter 1

Introduction

1.1 The Goals of This Course

Fizt1 has been the core simulator at Pixar ever sinceMonsters, Inc.in 2001. While many of
the basics of the battle-tested Bara� and Witkin (1998) model that it is based on have
remained the same over the years, a variety of key improvements and re�nements have
also been introduced. Many of these improvements have been spread across technical
papers and talks presented the last two years at SIGGRAPH:

ˆ Stable Neo-Hookean Flesh Simulation, Breannan Smith, Fernando de Goes, Theodore
Kim (Technical Paper presented at SIGGRAPH 2018)

ˆ Better Collisions and Faster Cloth for Pixar's Coco, David Eberle (Talk presented at
SIGGRAPH 2018)

ˆ Clean Cloth Inputs: Removing Character Self-Intersections with Volume Simulation,
Audrey Wong, David Eberle, Theodore Kim (Talk presented at SIGGRAPH 2018)

ˆ Robust Skin Simulation in Incredibles 2, Ryan Kautzman, Gordon Cameron, Theodore
Kim (Talk presented at SIGGRAPH 2018)

ˆ Analytic Eigensystems for Isotropic Distortion Energies, Breannan Smith, Fernando de
Goes, Theodore Kim (Technical Paper presented at SIGGRAPH 2019)

ˆ Anisotropic Elasticity for Inversion-Safety and Element Rehabilitation, Theodore Kim,
Fernando de Goes, Hayley Iben (Technical Paper presented at SIGGRAPH 2019)

Together, these improvements constitute the next major version of the simulator, which is
referred to internally as Fizt2. One of the goals of this course is to give a uni�ed overview
of these developments in a way that no single paper or talk has been able to before.

1Pronounced ��zz� as in soda and �tea� as in Earl Grey, hot.
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1. Introduction

In addition to these, we have also include a new introduction to the fundamentals of
deformation mechanics (Chapter 2), based on a university course taught by one of the
authors over the last ten years. This treatment speci�cally focuses on introducing the
speci�c tensor-based formulation that was used to obtain the results in the aforementioned
technical papers. Matlab and C++ implementations of several subtle pieces of code have
been inlined as well, such as the @F

@x matrix for tetrahedra (Fig. E.1) and shape derivative
matrices (Fig. D.3) for hexahedra.

1.2 Now With Code!

In the spirit of the pbrt renderer of Pharr et al. (2016) we provide HOBAK2, a prototype
C++ implementation of many of algorithms described in these notes. Just like pbrt is not
RenderMan, HOBAKis not Fizt. It was written entirely independently, and is intended to
serve as a research test bed, reference implementation, and pedagogical tool. Whenever
we have to choose between code clarity and run-time performance, we choose clarity.

HOBAKis not a production system. As such, it has very few dependencies, and should
build and run right o� the bat. If you want to jump right into the C++, a starter guide is
in Appendix J

1.3 Author Biographies

Theodore Kim is an Associate Professor of Computer Science are Yale University.
Previously, he was a Senior Research Scientist at Pixar Animation Studios, where he
designed and implemented many of the solid mechanics algorithms described here.
He holds a B.S. in Computer Science from Cornell University as well as an M.S. and
Ph.D. from the University of North Carolina, Chapel Hill. He received a Scienti�c and
Technical Academy Award in 2012 for his work on �uid simulation.

David Eberle is the Simulation Tools R&D Lead at Pixar Animation Studios. He has
worked on numerous simulators used for animation and visual e�ects at Disney, Havok,
PDI/Dreamworks and Pixar. He holds a B.S. in Mathematics from the University of
South Carolina and an M.S. in Mathematics from Texas A&M University. His �lm credits
include Reign of Fire, Shrek 2, Shrek 3, Kung Fu Panda, Madagascar, Madagascar 2, Megamind,
Inside Out, Finding Dory, Cars 3, Coco, Onward, Soul, Luca, Turning Redand Lightyear.
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These notes are anongoing draft , so the authors would like to thank the following
people for �nding errors and omissions in the text: J.C. Chang, Towaki Takikawa, Peng
Yu, Kai Jia, Kirill Klimov, Samaksh Ajay (Avi) Goyal, Alec Jacobson, Honglin Chen and
especially Shinjiro Sueda. If you �nd other errors (there are sure to be many), feel free to
reach out to the authors.

2Hobak(8 � ) is Korean for pumpkinor squash. We will use it to squash things.
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2. Deformation Fundamentals

Chapter 2

Deformation Fundamentals

2.1 Do I Need to Read This Chapter?

If you are brand-new to deformation simulation, or are coming back to it after some time
away, the answer is: yes.

There are several existing introductions to deformation geared towards computer
graphics, including the classic Witkin and Bara� (1997) as well as the more modern
Sifakis and Barbic (2012) or Bargteil and Shinar (2018). If you are a practitioner that is
already familiar with those materials, you can probably skip most of this chapter. The
one caveat is that many of the fast, compact structures we show later on will depend on
the notation for higher order tensors from Golub and Van Loan (2013). This does not
show up that often in computer graphics, so you may still want to read Chapter 3.

Figure 2.1.:The behavior of a hyperelastic bunny. Even when it is crushed by a 100
lb. weight, it recovers its original shape afterwards.
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2. Deformation Fundamentals

2.2 What Kind of Squashing Are We Talking About?

We will be looking at a speci�c form of solid deformation known as hyperelasticdefor-
mation. Say we take a bunny and squash it with a 100 lb. weight (Fig.2.1). When we
remove the weight, it will sproing back to its exact original shape. This is the essence of
hyperelasticity: when all external forces are removed, a hyperelastic object returns to
its original shape. It does not matter if the bunny was stretched to a million times its
original length, or crushed down into a pancake. Once the forces are removed, it bounces
back to its original bunny shape. 1

The original shape is thus considered quite special, as it is what the object �remembers�
and always �tries� to return to, and is assigned a special name: the rest shape. In fact,
when we squash a bunny with a 100 lb. weight, it is taking on the best possibleor closest
possibleshape to the rest shape that it can muster under the current conditions.

But what do we mean by bestor closest? Best compared to what, or closest with respect to
what? This is really two questions.

1. How squashed am I? Alternately, how far am I from my original shape? Or: how
badly deformed am I compared to my original shape? Most concretely: can I
compute a quantitative deformation scorethat tells me exactly how stretched or
squashed I am, relative to my original shape?

2. How much should I push back? Once I know how exactly how deformed I am, what
should I do with this knowledge? Is being really deformed considered extra-bad, so
I should push extra-hard to return to my original shape?

Let's look at these questions in turn.

Figure 2.2.:On the left is the original, rest-shape triangle. On the right we (slightly)
deform the triangle by moving x1 downwards.

2.3 How Squashed Am I?

First, let's look at an obviousway to measure deformation that will turn out to be wrong.
From there, we can think about what went wrong and come up with something better.

1Clearly, this does not always happen in reality. If you stretch a rubber bunny too much, the �bers
inside will slightly tear. When you let go, it will �remember� its rowdy treatment, and instead return to a
slightly-stretched-out-looking-bunny shape. This is called plasticdeformation, and can be layered on top of
hyperelastic deformation, so we put it aside for the moment.
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2. Deformation Fundamentals

2.3.1 Measuring The Wrong Way

Let's look at a triangle (Fig. 2.2). We will denote its vertices in the rest shape using an
overbar as �x0, �x1, �x2. After the triangle has been squashed away from it original shape,
we denote its deformed shape 2 asx0, x1, x2. One obvious way to compute a scorefor how
deformed we are is then:

	 wrong =
2X

i =0

k�x i � x i k2. (2.1)

Here, we use k � k2 to denote the 2-norm. Don't fret if you haven't seen this notation
before; we have a description of it in Appendix C.1.1. It is a generalized shorthand for
denoting �distance�. We will also interchangeably refer to scoring functions as energy
functions. For our purposes, scoring and energy functions have the exact same meaning.

The scoring function 	 wrong , certainly looks reasonable. As you squash x1 downwards
more, or stretch it upwards more, the score (energy) de�nitely increases. We de�nitely
want the score function to equal zero when no deformation is occurring, and some
big number when lots of deformation is occurring. If that's all that is required, 	 wrong

certainly seems to get the job done.

Figure 2.3.:We translate the original triangle (blue vertices) to the upper left (red vertices).
Does this triangle count as �deformed�?

Or does it? The problem is that a bunch of things that we would notintuitively consider
deformation also gets lumped in with the score. In Fig. 2.3, we have translated the triangle
a small distance to the upper right. If we use 	 wrong on this new triangle, then it will
show up as a non-zero score.

However, by any reasonable de�nition, this triangle is not deformed. Instead, it has
beenmoved, or translated. Fig. 2.4 shows another problem case. If werotatethe triangle,
then again, 	 wrong will return a non-zero score, mistakenly regarding this triangle as

2Other texts may use the terms materialand world coordinates, so if you ever come across these, just
remember that rest = material and deformed = world .
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2. Deformation Fundamentals

Figure 2.4.:We rotate the original triangle (blue vertices) clockwise (red vertices). Does
this triangle count as �deformed�?

�deformed�. However, by any reasonable de�nition, the triangle has been spunor rotated.
It has not been deformed.

What we want is a scoring function 	 that is translation and rotation invariant. If a triangle
has been merely translated or rotated, its deformation score should show up as zero.
Let's see if we can compute a score that will accomplish this.

2.3.2 Removing the Translation (Easy)

One way to encode the transformations that a triangle can undergo to use an a�ne map:

� ( �x) = F �x + t

= x.
(2.2)

Here, t 2 < 2 and F 2 < 2� 2 in 2D, and t 2 < 3 and F 2 < 3� 3 in 3D (see the symbol table
in Appendix A). There are only a few things that an a�ne transformation can encode:

ˆ Rotation

ˆ Scaling

ˆ Re�ection

ˆ Translation.3

We saw that rotationand translationkept showing up and polluting our deformation score,
even though we don't intuitively consider those as �deformations�. However, scaling
matches our notion of deformation quite nicely. Can we just isolate and measure that?

3You may ask: what about shearing? Wasn't that in linear algebra class too? That can be written in terms
of rotations and scalings, so we can omit it here.
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2. Deformation Fundamentals

As a �rst step, let's see if we can carve away the translation, which is relatively easy. The
translation lives entirely in t , so if we perform some manipulation that cuts away that
component, we are done. The canonical way of doing this is to take the derivative with
respect to the rest shape:

@�( �x)
@�x

=
@

@�x
(F �x + t )

= F.
(2.3)

Since we are taking the derivative (gradient) of the a�ne map (deformation), the matrix
F that pops out is called the deformation gradient. This matrix now contains rotation,
scaling, and re�ection, but not translation. If we base some sort of deformation score on
F, there is no way that translation can now pollute the result.

2.3.3 Deformation Gradient: Really Important

It is hard to overstate how important the deformation gradient is. Almost everything
we do for the rest of this chapter will deal with F. The variable has an unwieldy name,
and everybody (Bonet and Wood (2008); Bower (2009); Marsden and Hughes (1994);
Belytschko et al. (2013)) usesF to denote it, even though neither �deformation� nor
�gradient� starts with an `f'. Ideally the variable would have a snappy name and an
intuitive symbol, but that is not the world we live in. 4 We are stuck with F, so just
remember that F is important.

You may be asking yourself: if F is so important, are you going to tell me how to compute
it? Absolutely. It is a little involved, and takes a bit of space, so it has its own section
in Appendix D. Taking for granted that we know howto compute this quantity, let's
examine what it means.

2.3.4 Removing the Rotation (Not So Easy)

We now have F, where translation has been mercifully subtracted o�, but scaling, rotation
and re�ection remain entangled. How can we remove the rotation? This will turn out to
be more di�cult than removing the translation, and there will actually be more than one
answer.

Let's try to build a simple score function out of F. The simplest way to boil a matrix down
to a scalar score is to take itssquared Frobenius norm, denoted k � kF . As with the 2-norm
in Ÿ2.3.1, don't worry if you're not intimately familiar with this norm. We document it in
detail in Appendix C.1.2, but since this is the �rst time it is appearing, we will write it

4In geometry processing, it is sometimes denoted with J , presumably because it is the deformation
Jacobian. Better, but still not great.
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out explicitly,

	 Dirichlet = kFk2
F

=
2X

i =0

2X

j =0

f 2
ij ,

(2.4)

where we have numbered the entries of F thusly:

F =

2

6
4

f 00 f 01 f 02

f 10 f 11 f 12

f 20 f 21 f 22

3

7
5 . (2.5)

This score function is also known as the Dirichlet energy, and it does not get the job done.
Remember, we want the deformation score to return zero when there has been zero
deformation. However, the Dirichlet energy will return zero when all the entries of F are
zero, i.e.F = 0.

If we plug F = 0 into our original deformation function � ( �x) = F �x + t , it corresponds
to the case where all the points �x are crushed into a zero-volume black hole centered at t .
As a scoring function, the Dirichlet energy might be a great black hole detector, but it's a
crummy deformation measure.

2.3.4.1 A First (Wrong) Attempt

The Dirichlet energy returns a zero when F = 0. What does an energy (score) that
returns zero under zero deformation even look like? Well, if F = I , then certainly no
deformation is occurring. In that case, � ( �x) = F �x + t = I �x + t = �x + t , which is purely a
translation.

Can we design a function that returns zero when F = I ? Well, if F = I , then kFk2
F = 3 .

So, let's try the scoring function:

	 Neo-Hookean = kFk2
F � 3. (2.6)

This is not a good idea. While it is true that when F = I , the score will equal zero, we
also want zero to be the smallest score possible. Otherwise, the score becomes di�cult to
interpret. A zero score means zero deformation, a score greater than zero means some
deformation, but what does a score less than zero mean? Less than zero deformation is
happening?

In the case of 	 Neo-Hookean , if F = 0, then 	 Neo-Hookean = � 3. So, it's a pretty bad
deformation measure. Things get worse if

F =

2

6
6
6
4

0 0 0

0
q

3
2 0

0 0
q

3
2

3

7
7
7
5

. (2.7)
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This refers to a Wile-E-Coyote-style pancake state, which is de�nitely nota zero deformation
state. And yet, the 	 Neo-Hookean score returns a zero. Apparently there are many sneaky
con�gurations that can fool this scoring function into thinking that no deformation
has occurred. We could try to apply a squaring Band-Aid, e.g. 	 Neo-Hookean,Band-Aid =
�
kFk2

F � 3
� 2, but this would only address the negative scores problem. The scoring

function would still return zero for the same sneaky deformed states. 5

However, for some reason it has the fancy name �Neo-Hookean�, so it must be important.
It has been studied extensively in mechanical engineering and material science for the
last 80 years (Mooney (1940); Rivlin (1948)), because we will see later that if you add a
few important components, it becomes a very interestingdeformation measure. But, it's
not very good in its current form, so let's put it aside for now.

2.3.4.2 A Second (Still Wrong) Attempt

Next, let's try something capricious and stupid-looking (C&SL), which I promise will
eventually lead somewhere. Let's just subtractF andI and take its norm. Then, we are at
least guaranteed that when F = I , our scoring function will equal zero:

	 C&SL = kF � I k2
F . (2.8)

Additionally, since the I is inside the norm, everything gets squared, so there is no
possibility of our function producing meaningless negative scores. We can use identity
B.16 from Appendix B to expand this out to:

	 C&SL = kF � I k2
F

= kFk2
F + kI k2

F � 2 tr F

= kFk2
F + 3 � 2 tr F.

I have assumed that we're looking at the 3D case, which is why kI k2
F = 3 . Looking at the

expansion, the score still isn't great. The �rst term is the black-hole favoring Dirichlet
energy, which doesn't do us any favors. Then, we have the constant of 3, which looks
suspiciously similar to our not-great Neo-Hookean energy, followed by a new tr F term.
If you haven't seen a matrix trace in a while, there is a refresher in Appendix C.2. Since
this is its �rst appearance here, we will write it out explicitly:

tr F =
2X

i =0

f ii = f 00 + f 11 + f 22. (2.9)

This scoring function will equal zero when F = I , but when F 6= I , weird things happen.
For example, if F happens to be some rotation matrix,

F(� ) =

2

6
4

1 0 0
0 cos� � sin �
0 sin� cos�

3

7
5 , (2.10)

5Fun fact: This squaring is equivalent to the (yet-to-be-seen) volume preservation term from the
St. Venant Kirchho� model. It is still not terribly useful all on its own though.
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then 	 C&SL will return a non-zero score whenever � is not zero or some multiple of 2� .
But, these would still clearly correspond to deformation-free states! It's better than a
black-hole detector, but not by much.

Overall, it's weird that tr F is shows up at all in this formula. Since F can be an arbitrary,
non-symmetric matrix, it is not clear that its trace is terribly meaningful outside of
cancelling o� kFk2

F + 3 in the overly-speci�c case of F = I .

2.3.4.3 A Third Attempt: St. Venant Kirchho�

How can we make a version of 	 C&SL that instead equals zero whenever F is a pure
rotation? One way to do this is to exploit a nice linear algebra identity. If F is a pure
rotation, then we know that it must be the case that FT F = I . This follows from the fact
that F � 1 = FT when F is orthonormal.

Well, why don't we compute FT F, subtract o� the rotation part, i.e. the I part, and
see what's left over? These leftovers probably characterize the deformation in some
reasonable way. We can write this down as:

	 StVK, stretch =
1
2

kFT F � I k2
F . (2.11)

This is a pretty good idea! The idea is good enough that people have given it a special
name: The St. Venant-Kirchho� stretching energy, or �StVK, stretch�, for short. 6 The
individual components of FT F � I are popular enough that they have special names
and symbols:

C = FT F The right Cauchy-Green tensor

E = 1
2

�
FT F � I

�
Green's strain

Using these, the energy can be written in a highly compact form:

	 StVK, stretch = kEk2
F . (2.12)

Again, this is a decent way to measure deformation. We're using F, so the translation
has been subtracted o�, and we using an FT F identity to factor o� rotation. If we were
going to complain about one thing though, it would be that the scoring function is overly
non-linear. Performing the same expansion as we did for 	 C&SL, we can get:

	 StVK, stretch = kFT F � I k2
F

= kFT Fk2
F + tr I � 2 tr( FT F).

(2.13)

The leading term, kFT Fk2
F , is 4th -order, or quartic in F. The F gets squared by FT F, and

then squared again by the norm, k � k2
F , which makes it 4 th order overall. We will see later

that this 4 th-order-ness adds additional computational complexity, but in a way that is
not actually desirable.

6Actually, I call it the StVK stretching energy, because it's the �rst term (the stretching term) in the StVK
energy. So if you look up �St. Venant-Kirchho��, you'll see this term, plus another one. We'll take a look at
that other one later.
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2.3.4.4 A Fourth Attempt: As-Rigid-As-Possible

We took advantage of the FT F = I identity, but are there other identities that we
could have used? If we're speci�cally concerned with teasing apart the rotation and
non-rotation component of a matrix, the polar decompositionis helpful:

F = RS. (2.14)

Here, the matrix R is the rotational part of F, and S is the non-rotational (scaling)
component of F. This decomposition seems custom-built to solve exactly the problem
we are interested in.

However, you need to be a little careful about using the polar decomposition, because
its classic de�nition is slightly di�erent from the version we want. Usually R is only
de�ned as a unitary matrix, not a rotation matrix, so it only needs to satisfy R T R = I .
This means that there could be a re�ection lurking somewhere in R , whereas we want
R to be a pure rotation. In our case, if a re�ection has to lurk somewhere, we would
prefer that it do so in S. We will call this speci�c �avor the rotation variantof the polar
decomposition. Details on how to compute this are in Appendix F.

In short: if you end up calling the polar decomposition code in some library, make sure
it is computing the rotation variant, not the traditional version. If it is not, you will need
to write a small wrapper for the library call in the style of Figs. F.1 and F.2.

With that out of the way, let's assume you can compute the rotation-variant polar
decomposition, and now have R and S in hand. What can you do with them? In StVK, we
took FT F and subtracted o� its rotational component, I . Well, now we have a di�erent
representation for the rotation, R , but can we do the same thing? Subtract the rotation
component o� of F, and assume that the leftovers must characterize the deformation
somehow?

The most basic, gee-I-wonder-if-this-will-work way of writing this down is:

	 ARAP = kF � R k2
F . (2.15)

There are a few worrying-looking things about this formulation. Usually when you have
two matrices, multiplying them together is a �rst thing to try, because you can see what the
multiplication is really doing by peeking at the SVD or eigendecomposition. But, instead
of multiplying, we're subtracting. Can we really just subtract two arbitrary-looking
matrices from each other and get something that isn't total garbage? They are related via
the polar decomposition, but does that really mean we can just start subtracting these
entries from each other?

Surprisingly, the answer is yes. In fact, this energy function is so indispensable that it
has been given a special name in geometry processing: the As-Rigid-As-Possible (ARAP)
energy (Sorkine and Alexa (2007)). We'll do a little more analysis of this energy a little
later to see how it is actually more clever than it �rst appears.
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This energy does not have the �overly non-linear� problem of StVK. If we apply identity
B.16, we get"

	 ARAP = kF � R k2
F

= kFk2
F + kR k2

F � 2 tr( FT R )

= kFk2
F + 3 � 2 tr( S).

(2.16)

The energy is at most quadraticin F. We will see later that the introduction of R and
S creates some computational challenges, but for the time being, it is undeniable that
	 ARAP is appealingly less non-linear than 	 StVK,stretch.

In physical simulation, the ARAP energy is actually the �rst term in the popular co-
rotationalenergy. This energy has been known in mechanical engineering since at least
the 1980s (Rankin and Brogan (1986)), and the ARAP energy corresponds to the speci�c
mechanical case where Poisson's ratio is set to zero. This energy was rediscovered by
several graphics researchers in the early 2000s (Müller et al. (2002); Etzmuss et al. (2003);
Irving et al. (2004)), which created some confusion because they each gave it a di�erent
name, such as �sti�ness warping� or �rotated linear�. However, these models are all
equivalent, and nowadays everybody seems to have settled on �co-rotational� as the
name for this energy.

2.3.4.5 Summary of Energy (Scoring) Functions

We have now seen a bunch of di�erent energy functions. Let's summarize their pluses
and minuses:

Energy Pros Cons
Dirichlet Not many. A good black

hole detector?
Doesn't measure deformation e�ectively.

Neo-Hookean Returns zero when F = I Returns zero for other con�gurations too,
and can also return negative scores.

C&SL Returns zero when F = I ,
and does not return nega-
tive scores.

Does not return zero under pure rotations.

StVK Returns zero when F is a
pure rotation, and reason-
able scores otherwise.

Overly non-linear (quartic).

ARAP Returns zero when F
is a rotation, reasonable
scores otherwise, and is
quadratic

That R term is going to cause trouble.

As I said at the top, removing the rotation from the score is not easy, and there is more
than one strategy. Now that we have a bunch of options, what should we do with them?
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2.4 Force Computation: How Much Should I Push Back?

Now that we can measure how deformed we are, we can return to the second question
from Ÿ2.2:How much should I push back?

The deformation measure directly generates forces. Surprise! When we were muddling
over di�erent ways to measure deformation, we were actually trying out di�erent elastic
energy potentials. The two are completely equivalent for our purposes. The deformation
measure directly dictates the force response. If you want to design a new material model,
come up with a di�erent way to measure deformation.

To get the forcesf on the nodes of a triangle in 2D, we stack the vertices of our triangle
(x0, x1 and x2) into a big vector,

x =

2

6
4

x0

x1

x2

3

7
5 =

2

6
6
6
6
6
6
6
4

x0

y0

x1

y1

x2

y2

3

7
7
7
7
7
7
7
5

2 < 6, (2.17)

and then take the gradient:

f = � a
@	
@x

. (2.18)

Here, a is the area of the original triangle at rest. A really tiny deformed triangle the
size of an ant is not going to exert the same force as a deformed triangle the size of the
Empire State Building, so we should scale it.

That's all well and good, and Eqn. 2.18 looks straightforward, except that all the energies
we looked at in Ÿ2.3.4.5 were written in terms of F, not x. In fact, we made a big deal out
of the fact that F doesn't have all these junky measurement-polluting properties of x,
like translation, and that it was clearly the better primary variable. Having gone down
that path, how are we supposed to take the gradient with respect to x now?

2.4.1 Computing @	
@x

We pushed the computation of F to Appendix D, but we're going to pull the �nal result
of that discussion back up here. For a triangle, we pack its original �x i and deformed x i

vertices into two matrices, D m and D s, thusly:

D m =

2

6
4 �x1 � �x0 �x2 � �x0

3

7
5 D s =

2

6
4 x1 � x0 x2 � x0

3

7
5 . (2.19)

The deformation gradient is then a composition of these two:

F = D sD � 1
m . (2.20)
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First the good news: we need the gradient with respect to x, not �x . If we instead needed
@	
@�x things would get ugly real fast, because �x i appears in D m , which is inside an inverse,
D � 1

m , so we'd need to �gure out the derivative of a matrix inverse.

Now the bad news: it's still pretty ugly. Let's take a really simple energy, 	 Dirichlet as an
example:

	 Dirichlet = kFk2
F . (2.21)

Here's what we're going to have to do:

ˆ Plug F = D sD � 1
m in to 	 Dirichlet .

ˆ Multiply everything through to get a massive one-line equation for kFk2
F .

ˆ Take the derivative of this massive equation six times, once for each entry in x, and
stack the results into a force vector.

ˆ Hope you didn't make a mistake in your derivation somewhere. Port the expressions
into C++, and hope you don't make a mistake transferring these equations from
paper to code.

2.4.2 Don't Do It This Way

Let's gaze at this ugliness for just a minute longer. Just a minute though. After that I have
to look away, and tell you there's a better way. To start, we can tag each entry in D � 1

m
thusly,

D � 1
m =

"
m0 m2

m1 m3

#

(2.22)

then we'll try to multiply out the matrix FT F in anticipation of cramming everything
together for kFk2

F .

FT F =

"
m0 m1

m2 m3

#
2

6
4 x1 � x0 x2 � x0

3

7
5

T 2

6
4 x1 � x0 x2 � x0

3

7
5

"
m0 m2

m1 m3

#

=

"
m0 m1

m2 m3

# "
(x1 � x0)T (x1 � x0) (x2 � x0)T (x1 � x0)
(x2 � x0)T (x1 � x0) (x2 � x0)T (x2 � x0)

# "
m0 m2

m1 m3

#
(2.23)

Just to clean things up, let's introduce more temporary variables:
"

(x1 � x0)T (x1 � x0) (x2 � x0)T (x1 � x0)
(x2 � x0)T (x1 � x0) (x2 � x0)T (x2 � x0)

#

=

"
d0 d1

d1 d2

#

. (Note it's symmetric)
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Now let's forge ahead further,

FT F =

"
m0 m1

m2 m3

# "
d0 d1

d1 d2

# "
m0 m2

m1 m3

#

=

"
m2

0d0 + 2m0m1d1 + m2
1d2 m0m2d0 + ( m0m3 + m1m2)d1 + m1m3d2

m0m2d0 + ( m0m3 + m1m2)d1 + m1m3d2 m2
2d0 + 2m2m3d1 + m2

3d2

#

,

and then �nally smash everything together with the Frobenius norm:

kFk2
F =

�
m2

0d0 + 2m0m1d1 + m2
1d2

� 2
+

�
m0m2d0 + ( m0m3 + m1m2)d1 + m1m3d2

� 2

�
m0m2d0 + ( m0m3 + m1m2)d1 + m1m3d2

� 2 +
�

m2
2d0 + 2m2m3d1 + m2

3d2

� 2
.

Okay, I have to stop now. Cripes, it hurts to even look at this. The expression is big
enough that it barely �ts on two lines. I probably made a mistake in there somewhere;
good luck �nding it. Next we'll have to substitute back in d0 = ( x1 � x0)T (x1 � x0) and
from there, x0 = [ x0 y0]T , as well asd1, d2, x1 and x2, and then take multiple derivatives
of the resulting hideousness. Also, things get worse in 3D, and the Dirichlet energy isn't
even that complicated an energy! Things sink to even deeper depths of hideousness for
more complex material models.

You could use a computer algebra system like Mathematica or Matlab's Symbolic Toolkit
to handle all this. That would just o�oad the ugliness generation to the computer, and
the �nal result would still be ugly. Surely there is a better way.

2.4.3 What Now?

There is a better way, which we will describe in the next chapter. When we do, you will
see that theforcesare now cleaner to compute, but the force gradients(a.k.a the energy
Hessians) are still ugly.

You may be tempted to take the coward's way out here. All of this ugliness started
because I insisted that we useF to compute our deformation measure instead of x. If
we had just stuck to x, we wouldn't be in this mess, because computing @	

@x when 	 is
written purely in terms of x is much easier.Just look at this gorgeous-looking spring-mass
energy:

	 =
�
2

kx � x0k2
2 (2.24)

@	
@x

= � (x � x0). (2.25)

SO EASY. Don't be seduced though. If allow ourselves be sucked down into this Charybdis,
we'll be limiting ourselves to the world of spring-mass models, and the richer universes
of squishing and squashing volumetric responses will be inaccessible. Let's not do that;
let's see how far we can take this F thing.
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Chapter 3

Computing Forces the Tensor Way

If you're just joining us after skipping Chapter 1, the following is our current predicament.
We are trying to compute forces, f = a@	

@x , but it turns out that directly taking the x
derivative when your energy 	 is based on the deformation gradient F is extremely ugly.
It's ugly enough that we are starting to question whether using an F-based energy is
even a good idea at all. Now you're all caught up, so on with the show.

We will clean things up using an application of the chain rule that separates @	
@x into two

components:
@	
@x

=
@	
@F

@F
@x

. (3.1)

Each piece,@	
@F and @F

@x , is relatively clean in isolation. The ugliness we saw in the previous
chapter appears if you try to bite o� more than you can chew and handle both pieces
simultaneously. However, if you haven't worked with higher-order tensors before 1, you'll
run into trouble the moment you start trying to work out these terms. The whole thing
will look like a dirty calculus trick that some professor played on you where he 2 left all
the di�cult details out. Let's look at the details now.

3.1 Thinking About 3 rd -Order Tensors

The �rst term in Eqn. 3.1, the @	
@F term, is relatively easy. Since 	 2 < and F 2 < 3� 3 the

derivative is just a matrix:

@	
@F

=

2

6
6
6
4

@	
@f00

@	
@f01

@	
@f02

@	
@f10

@	
@f11

@	
@f12

@	
@f20

@	
@f21

@	
@f22

3

7
7
7
5

2 < 3� 3. (3.2)

1Running a few TensorFlow Python scripts de�nitely doesn't count.If you haveactually worked with
tensors before, feel free to skip ahead to Ÿ3.4.

2That would be me.
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The f ij scalars are the entries ofF, as described in Appendix A. The result is clearly a
3 � 3 matrix, also known as a 2nd-order tensor.

The confusion begins when we try to compute @F
@x . SinceF 2 < 3� 3 is a matrix and x 2 < 12

is a vector, what form should the derivative take? Let's look at x0, the �rst entry of x . We
can take the derivative of F with respect to that:

@F
@x0

=

2

6
6
6
4

@f00
@x0

@f01
@x0

@f02
@x0

@f10
@x0

@f11
@x0

@f12
@x0

@f20
@x0

@f21
@x0

@f22
@x0

3

7
7
7
5

2 < 3� 3. (3.3)

Already, the result is a matrix. What are we supposed to do with the next derivative, @F
@x1

,
and the one after that, and the one after that? Eventually I'll have a pile of 12 matrices,
but what am I supposed to do with them? Is there some standard way of arranging these
matrices together?

The answer is no.3 The problem is that we now have a 3rd-order tensor, which usually doesn't
show up in an introductory linear algebra texts. If you look in texts on higher-order
tensor manipulation (e.g. Golub and Van Loan (2013); Simmonds (2012); Kolda and
Bader (2009)), they describe a variety of ways of arranging this pile of matrices, some of
which have important-sounding names like Einstein notation. Surely that's the one? If it's
good enough for Albert Einstein, it's good enough for us? In fact, it's not; we should use
the right tool for the right situation, and we're not looking at relativity right now.

Figure 3.1.:We couldtake each matrix along the top and stack them all into a cube. For
the full @F

@x there are 12 slices, but hopefully you get the picture with just 4.
We're not going to do it this way though.

The dimension of the derivative is @F
@x 2 < 3� 3� 12, where the third dimension is the big

giveaway that we're looking at a 3 rd -order tensor. Many people think of this is as a cube

3Some of your colleagues may dispute my claim and say that there is de�nitely a standard notation for
tensors that everybody who's anybodyuses. I would recommend being suspicious of any colleague who tries
to make such an intimidation-based argument.
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of matrices. We can take our pile of 12 matrices, and stack them like a deck of cards into a
cube (Fig. 3.1). Just to sow further confusion, if you look at my paper, Kim and James
(2012), you'll see that I decided to use this mental representation in that paper too. 4

Figure 3.2.:We prefer to think of 3 rd -order tensors as a vector of matrices. It's like a long
cutting board on a kitchen counter, with the matrices stacked along it, like
individually-wrapped slices of (festively-colored) American cheese. There
should be 12 matrices in total, but I only show 4 because if I show all 12
they'd be so small you couldn't read the writing on them.

We're not going to take that view here. Instead, we're going to think of 3 rd -order tensors
as avector of matrices. Think of the @F

@x tensor like a big wooden cutting board on your
kitchen counter. Each matrix @F

@xi
is then placed in order, along a line, down the board

(Fig. 3.2), like slices of individually-wrapped American cheese. When we write out a
3rd -order tensor explicitly, we'll use the square brackets to imitate our mental picture of
a cutting-board-with-cheese. For example:

2

6
6
6
6
6
6
6
6
6
6
6
6
4

"
a c
b d

#

"
e g
f h

#

"
i k
j l

#

3

7
7
7
7
7
7
7
7
7
7
7
7
5

=

2

6
6
6
6
6
6
6
6
4

h
A

i

h
B

i

h
C

i

3

7
7
7
7
7
7
7
7
5

. (3.4)

On the right hand side, we wrapped each matrix in a [�] as well. This is to distinguish the
3rd -order tensor from the more familiar 2 nd -order block matrix.

4Cubes are a good way to think about things when you're doing model reduction, but that's not what
we're doing right now.

26



3. Computing Forces the Tensor Way

3.2 Multiplication With 3 rd -Order Tensors

Once we have a mental picture of the 3rd -order tensor in place, how should we think of
stu� like multiplication? This is pretty important, since once of our initial claims was
that the chaining @	

@x = @	
@F

@F
@x would make things easier, and so far it sure doesn't look

easier. What's the product of @	
@F , a matrix, and @F

@x , a cutting board?

This is the part where you get annoyed with the professor for gliding past an important
detail. If we're writing down rock-solid, 100%-corresponds to the actual computation
you'll be doing we should really write:

@	
@x

=
@F
@x

:
@	
@F

, (3.5)

where the `:' is a double-contraction. If you have not seen double-contractions before,
we review what it means to contract two matricestogether in Appendix C.3. The key
takeaway from that section is:

A : B =

"
a0 a2

a1 a3

# "
b0 b2

b1 b3

#

= a0b0 + a1b1 + a2b2 + a3b3. (3.6)

However, @F
@x is a 3rd -order tensor, not a matrix. What does a 3rd vs. 2nddouble-contraction

mean? We de�ne it as:

A : B =

2

6
6
6
6
6
6
6
6
6
6
6
6
4

"
a0 a2

a1 a3

#

"
a4 a6

a5 a7

#

"
a8 a10

a9 a11

#

3

7
7
7
7
7
7
7
7
7
7
7
7
5

"
b0 b2

b1 b3

#

=

2

6
4

a0b0 + a1b1 + a2b2 + a3b3

a4b0 + a5b1 + a6b2 + a7b3

a8b0 + a9b1 + a10b2 + a11b3

3

7
5 . (3.7)

We have now used the blackboard font A to denote a higher-order tensor for the �rst
time. We will use these to denote tensors that are 3rd -order and above; the order should
be (I hope) evident from the context.

To form another mental picture, @	
@F is a cheese slice o� to the side that has the exact

same size as those on our cutting board, @F
@x . We then perform a double-contraction of

this new slice against all of those on the cutting board (Fig. 3.3). The result is then a good
ole' vector.

3.3 Multiplication With Flattened Tensors

Just to drive you crazy, there's a second, more conventional way to write all this down.
Any tensor, be it 3 rd -order, 4th-order, or 100th order, can always be �attened or vectorized
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Figure 3.3.:Double-contraction of a 3 rd -order tensor against a 2nd -order tensor is like
taking a cheese slice (right) and double-contracting it against each multi-
colored slice on the cutting board (left). The result here would be an < 4

vector.

back into the familiar 2 nd -order matrix form. We're more-or-less going to follow the
convention of Golub and Van Loan (2013) here.

Unfortunately, it will turn out that both the tensor and matrix representationsare useful. Just
like you had to learn both radians and degrees for trigonometric functions, you're going
to have to learn both the tensor and �attened versions here. It will be worth it, I promise.

We introduce the vectorization operator vec(�) to convert any matrix to a vector, and any
higher-order tensor to a matrix. First up, this is how it converts a matrix to a vector:

vec (A ) = vec

0

@

"
a0 a2

a1 a3

#1

A =

2

6
6
6
4

a0

a1

a2

a3

3

7
7
7
5

(3.8)

The important pattern to notice is that we stacked the columns on top of each other. We did
not stack the rows, though we very well could have. This is merely the convention that
we have found most useful. Getting this convention right is su�ciently important that
I'm just going to go ahead and give you the Matlab and C++ code that does this the right
way (Fig. 3.4). If you're using Octave, it has vecbuilt-in already, and it follows the same
convention we do.
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1 function [x] = vec(A)
2 [ rows cols] = size(A);
3 x = reshape(A, rows * cols , 1);
4 end

1 static Vector9 flatten(const Matrix3x3& A)
2 {
3 Vector9 flattened;
4 int index = 0;
5 for ( int y = 0; y < 3; y++)
6 for ( int x = 0; x < 3; x++, index++)
7 flattened[ index] = A(x, y);
8 return flattened;
9 }

Figure 3.4.: Our matrix �attening convention, in Matlab and C++.

Next up, we de�ne the following convention for 3 rd -order tensors:

vec(A) = vec

2

6
6
6
6
6
6
6
6
4

h
A

i

h
B

i

h
C

i

3

7
7
7
7
7
7
7
7
5

=
h
vec (A ) vec (B ) vec (C)

i
. (3.9)

First we unfurl the matrices in the 3 rd -order tensor into a row, and then vectorize them
all in turn. Here's a concrete example:

vec

2

6
6
6
6
6
6
6
6
6
6
6
6
4

"
a0 a2

a1 a3

#

"
a4 a6

a5 a7

#

"
a8 a10

a9 a11

#

3

7
7
7
7
7
7
7
7
7
7
7
7
5

=

2

4vec

"
a0 a2

a1 a3

#

vec

"
a4 a6

a5 a7

#

vec

"
a8 a10

a9 a11

#3

5 =

2

6
6
6
4

a0 a4 a8

a1 a5 a9

a2 a6 a10

a3 a7 a11

3

7
7
7
5

(3.10)
It may seem a little antithetical to the convention that we don't just stack everything into
one long vector. All the matrix multiplies wouldn't work out in that case though, which
would mess up your day even worser.

Finally, let's look at the �attened version of that A : B double-contraction we saw in
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Eqn. 3.7:

(vecA)T vecB =

0

B
B
B
B
B
B
B
B
B
B
B
B
B
@

vec

2

6
6
6
6
6
6
6
6
6
6
6
6
4

"
a0 a2

a1 a3

#

"
a4 a6

a5 a7

#

"
a8 a10

a9 a11

#

3

7
7
7
7
7
7
7
7
7
7
7
7
5

1

C
C
C
C
C
C
C
C
C
C
C
C
C
A

T

vec

"
b0 b2

b1 b3

#

(3.11)

=

2

6
6
6
4

a0 a4 a8

a1 a5 a9

a2 a6 a10

a3 a7 a11

3

7
7
7
5

T 2

6
6
6
4

b0

b1

b2

b3

3

7
7
7
5

(3.12)

=

2

6
4

a0b0 + a1b1 + a2b2 + a3b3

a4b0 + a5b1 + a6b2 + a7b3

a8b0 + a9b1 + a10b2 + a11b3

3

7
5 . (3.13)

The result is the same as Eqn. 3.7, but arrived at (at least in the �nal step) through a
conventional matrix multiply. It works!

3.4 Computing Forces (Finally)

With all this tensor stu� in place, we can �nally compute some forces. Once again, the
force is f = � a@	

@x , so the equation we need to compute is:

@	
@x

=
@F
@x

:
@	
@F

. (3.14)

The trick is that the 3 rd -order tensor, @F
@x , has a static, simple, and energy-independent

structure that we can code up once and forget about. The other term, @	
@F , which will

have a simple and clean structure. If you want to implement a new energy, all you need
to do is derive a new @	

@F .

3.4.1 Computing the @F
@x Tensor

To see wherex appears in F, we're going to use one of the expressions we derived in
Appendix D:

F = D sD � 1
m (3.15)

=

2

6
4 x1 � x0 x2 � x0 x3 � x0

3

7
5

2

6
4 �x1 � �x0 �x2 � �x0 �x3 � �x0

3

7
5

� 1

. (3.16)

30



3. Computing Forces the Tensor Way

Fortunately we're di�erentiating with respect to x =

2

6
6
6
4

x0

x1

x2

x3

3

7
7
7
5

and not �x =

2

6
6
6
4

�x0

�x1

�x2

�x3

3

7
7
7
5

, so we

don't have to �gure out how to take the derivative of a matrix inverse (yuck). In the end,
we're going to get a bunch of expressions that look like:

@F
@xi

=
@D s

@xi
D � 1

m . (3.17)

We already have D � 1
m in hand, and @D s

@xi
will work out to a bunch of simple matrices.

There will be a lot of them (twelve!), but they will be simple. It takes a lot of space to list
these, so instead I've stashed it all in Appendix E.

We could compute things the purely matrix way as well,

@	
@x

= vec
�

@F
@x

� T

vec
�

@	
@F

�
. (3.18)

There's C++ code in Fig. E.1 that explicitly lays out the �attened version of vec
�

@F
@x

�
for

you. I've had to derive this matrix several times already in my lifetime, and I'm getting a
little tired of it, so I'm caching it here for posterity. You're welcome, Future Me.

3.5 Dirichlet Forces: So Easy

Back in Ÿ2.4.2, we tried to compute forces for the Dirichlet energy,

	 Dirichlet = kFk2
F ,

but gave up because the expressions rolled out of control the moment you tried to
di�erentiate an F-based energy using x. We've now skimmed o� all the di�culty and
distilled it into @F

@x . All that's left is to take @	
@F , and this is probably pretty easy for an

F-based energy, right?

The matrix @	
@F is also known as the first Piola-Kirchho� stress tensor , which is an

unwieldy name, so we abbreviate it to the PK1, and sometimes write it as P(F). The PK1
of the Dirichlet energy is:

@	 Dirichlet

@F
= P(F) = 2 F. (3.19)

SO EASY. It's almost as easy as computing the forces of the spring-mass system in
Eqn. 2.25. In fact, it looks like an intro-to-calculus scalar derivative. The FT F expression
kind of looks like the matrix version of F2, and then we took the derivative to get 2F.
There are indeed a bunch of matrix calculus identities that look like this, and a few useful
ones are listed in Appendix B. Now to compute the forces, all we do is call the C++ code
I gave you in Fig. E.1, and multiply it by vec (2F).
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3.6 Other Forces: Still Pretty Easy

If we want to compute the forces for some of the other energies we looked at, it becomes
straightforward.

3.6.1 St. Venant Kirchho�, Stretching Only

Let's look at the stretching term for the St. Venant-Kirchho� model from before:

	 StVK, stretch = kEk2
F , (3.20)

where E = 1
2

�
FT F � I

�
. If we learned any lesson before, it's that we should take the

derivative with respect to whatever basic variable the energy is written in terms of ( F,
for the Dirichlet case), and then bake out all the di�cult change-of-variable stu� into
some other tensor, @F

@x .

The basic variable for this energy is sure seems like E, not F. We could indeed write
things out as @	

@x = @	
@E

@E
@x . Then we'd have to derive a new change-of-basis tensor, @E

@x . But,
once we had that in hand, computing @	

@E , otherwise known as the second Piola-Kirchho�
stress tensor (PK2)would be really easy:

@	 StVK, stretch

@E
= E. (3.21)

Before we go down the PK2 road though, you should know that StVK is the only energy
that really usesE. All the other energies5 use F. So, before we build a customized @E

@x
tensor for StVK, let's see how di�cult it is to go down the F road.

	 StVK, stretch =
1
4

kFT F � I k2
F

=
1
4

�
kFT Fk2

F + tr I � 2 tr( FT F)
�

=
1
4

�
kFT Fk2

F + tr I � 2kFk2
F

�
.

(3.22)

We already know how to take the derivative of kFk2
F , since it's just the Dirichlet energy,

and the derivative of kFT Fk2
F is in Appendix B.

PStVK, stretch(F) =
1
4

�
4FF T F � 4F

�

= F
�

FT F � I
�

= FE

(3.23)

STILL PRETTY EASY. The pattern holds here wherekFT Fk2
F looks suspiciously like a

matrix version of F4, and its derivative 4FF T F looks an awful lot like 4F3.
5The ones I care about, anyway.
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3.6.2 The Complete St. Venant Kirchho�

Up until now, we've only looked at the stretching term from StVK, but now is a good
moment to look at the complete energy:

	 StVK = � kEk2
F +

�
2

(tr E)2 (3.24)

The kEk2
F term we've been examining is there of course, but a new volume preservation

term (tr E)2 has been added6. The constants� and � are present to you can tell the model
how much relative stretching resistance vs. volume preservation you want. The PK1 is
then:

PStVK(F) = � FE + � (tr E) F. (3.25)

To arrive at this, we used identities B.12 and B.32 from Appendix B. Some minor
gymnastics are required if you're not used to this sort of thing, but the �nal expression is
still short and easy to digest.

3.6.3 As-Rigid-As-Possible

The As-Rigid-As-Possible (ARAP) energy can be expanded to:

	 ARAP =
�
2

kF � R k2
F (3.26)

=
�
2

�
kFk2

F + kR k2
F � 2 tr

�
FT R

� �
(3.27)

=
�
2

�
kFk2

F + kR k2
F � 2 tr S

�
(3.28)

We used identity B.16 and the polar decomposition F = RS =) S = FT R (sinceS is
symmetric) to arrive at this form. The PK1 is then:

PARAP (F) = � (F � R ) (3.29)

We used identities B.19 anad B.34 to arrive at this expression. This one looks quite
appealing! We just extract the expression inside the Frobenius norm, and that becomes
the PK1. This is extremely similar to what we saw in Ÿ2.4.3 with the spring-mass system,
where we just extracted the vector from inside the 2-norm. This is not a coincidence,
because as we'll see later, ARAP has quite a strong claim on the title of �Most-Spring-
Mass-Like in F-based World�.

3.6.4 The Many Forms of Neo-Hookean

Back in Ÿ2.3.4.1, we looked at the Neo-Hookean energy:

	 Neo-Hookean = kFk2
F � 3. (3.30)

6We'll see later that it doesn't actually preserve volume that well if you deform the object too much.
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If we get the PK1 of this energy,

PNeo-Hookean(F) = 2 F, (3.31)

it's exactly the samePK1 as the Dirichlet energy. The only di�erence between this energy
and Dirichlet was the minus three, and that gets burned o� under di�erentiation. From
any practical force-generating standpoint, this energy is equivalent to Dirichlet.

Why does it even exist then? In the original paper by Mooney (1940), an additional
equation appeared in the form of a hard constraint, det F = 1 . We're not going to look at
methods like this, because this constraint is too severe for the kinds of deformations we
see in computer animation.

There are many energies that call themselves �Neo-Hookean�, so we'll look at one of the
more popular ones from Bonet and Wood (2008):

	 BW08 =
�
2

(kFk2
F � 3) � � log(J ) +

�
2

�
log(J )

� 2 . (3.32)

I've put this o� as long as possible, but here we are starting to use the shorthand of
J = det F. This det F term is extremely important because it tells us how much volume
has or hasn't been preserved. As we'll see later, any energy that claims to be �volume
preserving� but doesn't contain det F is just a sham pretender to the throne.

Sincedet F is going to start showing up a lot, it's time we started using a symbol that's
simpler to read, and J is extremely common elsewhere in the literature (e.g. Bonet and
Wood (2008), Marsden and Hughes (1994), Bower (2009)).

The PK1 of 	 BW08 is then:

PBW08(F) = �
�

F �
1
J

@J
@F

�
+ �

logJ
J

@J
@F

. (3.33)

The new term that appears is @J
@F , the gradient of J . In 3D, this term can be written in

terms of the columnsof F,

F =

2

6
4 f0 f1 f2

3

7
5 . (3.34)

The gradient of J is then the pair-wise cross-products of these columns,

@J
@F

=

2

6
4 f1 � f2 f2 � f0 f0 � f1

3

7
5 . (3.35)

This identity is important enough that we stacked it into Appendix B, so when you need
it later, you can �nd it there too. Once you have this identity in hand, deriving the PK1
for an energy that contains a det F � J term is not a big deal. Take scalar derivatives like
usual, and then you �nally hit a @J

@F you can stop, because we've got an identity for that.

As we'll see later, the @J
@F term appears in lots of places. Just to underscore how important

it is, I'm giving you a Matlab implementation in Fig. 3.5
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1 function [ final ] = gradientJ(F)
2 f0 = F(: ,1);
3 f1 = F(: ,2);
4 f2 = F(: ,3);
5 final = [cross(f1 ,f2) cross(f2 ,f0) cross(f0 ,f1)];
6 end

Figure 3.5.: Matlab/Octave code for the 3D version of @J
@F from Eqn. 5.6.

3.7 What Now?

We've now seen how to compute forces the tensor way. This is enough to get a simulator
o� the ground that does explicit time integration, but that's not good enough. We want
implicit timestepping, since the Fizt integrator from Bara� and Witkin (1998), and the
large timesteps it enables, is our target deployment.

For that, we need force gradients, i.e. @f
@x . All the tensor stu� we just saw made force

computation easier and prettier, but all the ulcer-inducing ugliness comes rushing back
the moment we try to take a force gradient. It'll take some more work to make force
gradient computation equivalently easy and pretty. Let's take a look at that next.
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4. Computing Force Gradients the Tensor Way

Chapter 4

Computing Force Gradients the Tensor
Way

If you're just joining us, we're looking at Bara� and Witkin (1998)-style implicit integration
and how it uses force gradients to enable large, stable timesteps. If you thought that
computing forces directly from the strain energy was painful,

f = � v
@	
@x

, (4.1)

then, hoo nelly, are these force gradients excruciating:

@f
@x

= � v
@2	
@x2 . (4.2)

The way we cleaned everything up in Chapter 3 was to apply the chain rule,

@	
@x

=
@F
@x

:
@	
@F

, (4.3)

which baked all the di�culty into an energy-agnostic tensor @F
@x that we only have to

derive once. Then for each energy model, we only have to deal with the relatively easier
@	
@F , a.k.a the �rst Piola-Kirchho� stress tensor (PK1).

Can we do something similar for the force gradient? Something like

@2	
@x2 =

@F
@x

T @2	
@F2

@F
@x

(4.4)

sure seems promising. But just like in Chapter 3, you'll discover that the whole thing
starts looking like a clear-as-mud, dirty professor trick as soon as you try to apply this
equation. Let's look at it in more detail, because it'll take some work to actually use it.
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4. Computing Force Gradients the Tensor Way

4.1 4th -order Tensors

The �rst observation that will make you curse the sky is that @2 	
@F 2 is a 4th-order tensor. To

see this more clearly, recall that we started writing @	
@F as the matrix P(F) 2 < 3� 3. We

can write @2 	
@F 2 as @P

@F
1, which is the derivative of a matrix with respect to a matrix. We can

write this out explicitly as:

@P
@F

=

2

6
6
6
6
6
4

h
@P

@f00

i h
@P

@f01

i h
@P

@f02

i

h
@P

@f10

i h
@P

@f11

i h
@P

@f12

i

h
@P

@f20

i h
@P

@f21

i h
@P

@f22

i

3

7
7
7
7
7
5

. (4.5)

As in the 3rd -order case, we put brackets around each @P
@fij

to emphasize that they are in

the entries in a higher-order tensor, not the blocks in a traditional 2 nd -order matrix.

Just like the 3rd -order tensor was a vector of matrices, a 4th-order tensor is a matrix of
matrices. Instead of a cutting board containing a line of cheese slices, the cutting board
now has cheese slicesarranged in a grid(Fig. 4.1).

Figure 4.1.:A 4th-order tensor: like a cutting board covered with a grid of individually
wrapped slices of American cheese. A matrix of matrices.

A brief digression: this mental picture does indeed generalize to even higher orders. If
you ever needed the next derivative @3 	

@F 3 , you would need to compute a 6 th -order tensor,
i.e. a matrix of matrices of matrices.2 You can just stack another layer on top (Fig. 4.2).
For 8th -order, you would take four copies and arrange them in a grid again. And so on to
1 th-order, like a giant fractal pagoda.

1The (F ) argument of P has been dropped for brevity.
2We won't cover it here, but I have needed this before, so you may encounter a case where you do too.
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4. Computing Force Gradients the Tensor Way

Figure 4.2.:A 6th-order tensor: we take the cutting boards of cheese from Fig. 4.1, make
four copies, get an even bigger cutting board for underneath, and arrange
them all into another grid. So much cheddar.

Now back to the 4 th-order case. Double-contraction looks similar to the 3 rd -order case,
2

6
6
6
6
6
6
4

"
a0 a2

a1 a3

# "
a8 a10

a9 a11

#

"
a4 a6

a5 a7

# "
a12 a14

a13 a15

#

3

7
7
7
7
7
7
5

:

"
b0 b2

b1 b3

#

=

"
(a0b0 + a1b1 + a2b2 + a3b3) (a8b0 + a9b1 + a10b2 + a11b3)
(a4b0 + a5b1 + a6b2 + a7b3) (a12b0 + a13b1 + a14b2 + a15b3)

#

,

(4.6)
except instead of producing a vector, the results are arranged into a matrix.

If we want to �atten the following tensor,

C =

2

6
6
6
6
6
4

"
1 3
2 4

# "
9 11
10 12

#

"
5 7
6 8

# "
13 15
14 16

#

3

7
7
7
7
7
5

(4.7)

=

"
[C00] [C01]
[C10] [C11]

#

(4.8)

then we �rst �atten in column-wiseorder, and then each matrix in turn:

vec(C) =

2

6
4 vec(C00) vec(C10) vec(C01) vec(C11)

3

7
5 (4.9)

=

2

6
6
6
4

1 5 9 13
2 6 10 14
3 7 11 15
4 8 12 16

3

7
7
7
5

. (4.10)
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One thing that we have not de�ned is how to multiply a 4 th -order tensor with a 3 rd -order
tensor. Rather than do that, we are instead going to �atten everything so that it all
reduces to a matrix-matrix multiply. Not only will this be easier to think about, but we
will see some interesting structures appear.

4.2 Computing Force Gradients

We now have enough operators in hand that we can write the useful-looking chain rule
that we saw before in more concrete terms:

@2	
@x2 = vec

�
@F
@x

� T

vec

 
@2	
@F2

!

vec
�

@F
@x

�
. (4.11)

We already know how to compute vec
�

@F
@x

�
from Appendix E, and in fact have the

C++ code for it Fig. E.1. The only term that remains to be derived is vec
�

@2 	
@F 2

�
. We will

abbreviate this matrix as H , because it represents theenergy Hessian.

4.2.1 Dirichlet Hessian: So Easy

Let's try it out on the simplest energy we know, the Dirichlet energy:

	 Dirichlet = kFk2
F

@	 Dirichlet

@F
= P = 2F.

Each entry @P
@fij

in the 4th-order tensor @P
@F is then:

@P
@fij

= 2
@F
@fij

(4.12)

What does each @F
@fij

look like? There's a lot of them (nine), but they are all quite simple:

@F
@f00

=

2

6
4

1 0 0
0 0 0
0 0 0

3

7
5

@F
@f01

=

2

6
4

0 1 0
0 0 0
0 0 0

3

7
5

@F
@f02

=

2

6
4

0 0 1
0 0 0
0 0 0

3

7
5

@F
@f10

=

2

6
4

0 0 0
1 0 0
0 0 0

3

7
5

@F
@f11

=

2

6
4

0 0 0
0 1 0
0 0 0

3

7
5

@F
@f12

=

2

6
4

0 0 0
0 0 1
0 0 0

3

7
5

@F
@f20

=

2

6
4

0 0 0
0 0 0
1 0 0

3

7
5

@F
@f21

=

2

6
4

0 0 0
0 0 0
0 1 0

3

7
5

@F
@f22

=

2

6
4

0 0 0
0 0 0
0 0 1

3

7
5 .
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Each just has a one at the corresponding entry (i , j ). Here's what we get when we �atten
this out:

vec
@F
@F

=

2

6
6
6
6
6
6
6
6
6
6
6
6
6
4

1
1

1
1

1
1

1
1

1

3

7
7
7
7
7
7
7
7
7
7
7
7
7
5

(4.13)

IT'S JUST IDENTITY. SO EASY. The Hessian of the Dirichlet energy is then:

vec
�

@P
@F

�
= 2 I 9� 9. (4.14)

When we �atten out Hessians, we'll often see patterns like this appear. Let's see how far
we can take it.

4.2.2 Neo-Hookean: Not So Easy

Let's look at the Bonet and Wood (2008) version of Neo-Hookean again:

	 BW08 =
�
2

(kFk2
F � 3) � � log(J ) +

�
2

�
log(J )

� 2 (4.15)

P = �
�

F �
1
J

@J
@F

�
+ �

logJ
J

@J
@F

. (4.16)

We're going to have to derive several grisly expressions to get its �attened Hessian, but
it will all be worth it, because these same expressions will appear in lots of di�erent
energies. In the moment, this will all feel like some sadistic exercise, but in the end, I
promise that we will have forged a tool that can be used over and over.

Let's start by trying to compute onematrix-valued entry in its 4 th-order tensor:

@P
@fij

= �
@F
@fij

+
�
J 2

@J
@fij

@J
@F

�
�
J

@2J
@F@fij

+
� logJ

J
@2J

@F@fij
�

� logJ
J 2

@J
@fij

@J
@F

+
�
J 2

@J
@fij

@J
@F

.

Not very clean. However, if we move things around, we can make things slightly nicer:

@P
@fij

= �
@F
@fij

+
�

� + � (1 � logJ )
J 2

�
@J
@fij

@J
@F

+
�

� logJ � �
J

�
@2J

@F@fij
.

It's still not that nice, so I'll go ahead and put boxes around the non-scalar terms you
should care about:

@P
@fij

= �
@F
@fij

+
�

� + � (1 � logJ )
J 2

�
@J
@fij

@J
@F

+
�

� logJ � �
J

�
@2J

@F@fij
.
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The � @F
@fij

term is relatively friendly-looking. If we enumerate all nine copies of this

in full 4 th-order tensor form, we get � @F
@F , and if we �atten that out, we get the same

easy-looking term as the Dirichlet energy: vec
�

� @F
@F

�
= � I 9� 9.

There are two other scalar coe�cients:
h

� + � (1� log J )
J 2

i
and

h
� log J � �

J

i
. They're not pretty,

but at least they're scalar-valued. If we can �gure out what the �attened versions of the
4th-order tensors @J

@fij
@J
@F and @2J

@F @fij
look like, then we'll have the complete 9 � 9 matrix

in hand, and we're in business.

4.2.2.1 The Gradient ofJ

First up, the @J
@fij

@J
@F term. Let's call it GJ in 4th -order form, since it involves two Gradients

of J :

GJ =

2

6
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6
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6
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h
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@J
@F

i h
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@f01

@J
@F
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i h
@J

@f12

@J
@F

i

h
@J

@f20

@J
@F
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. (4.17)

Writing this out in its full gruesome form doesn't add much, does it? However, when we
perform the vectorization, something friendlier-looking appears:

vecGJ = vec
�

@J
@F

�
vec

�
@J
@F

� T

. (4.18)

It's just the outer product of the gradient of J ! If you don't remember what outer products
look like, don't fret, they're reviewed in Appendix C.4. With this in hand, we can go
ahead and de�ne

gJ = vec
�

@J
@F

�
,

i.e. the �attened gradient of J , and make the whole thing look even cleaner:

vecGJ = gJ gT
J . (4.19)

The �attened version of that gnarly-looking
h

� + � (1� log J )
J 2

i
@J

@fij
@J
@F from before is just:

�
� + � (1 � logJ )

J 2

�
gJ gT

J .

The scalar in front is still ugly, but the rest now looks more like standard linear algebra.

4.2.2.2 The Hessian ofJ

Next up, the @2J
@F @fij

term, the Hessian of J . We will refer to its full 4 th -order form as @2J
@F 2 .
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This Hessian is a little trickier, because it has a di�erent form in 2D and 3D. Let's look at
the 2D version �rst, because a really easystructure appears in that case.

The 2D version: Remember that J = det F, so in 2D

J = f 00f 11 � f 10f 01,

and the gradient then becomes

@J
@F

=

"
f 11 � f 10

� f 01 f 00

#

.

The 4th-order tensor can then be written out:

@2J
@F2 =

2

6
6
6
6
6
6
4

"
0 0
0 1

# "
0 0

� 1 0

#

"
0 � 1
0 0

# "
1 0
0 0

#

3

7
7
7
7
7
7
5

. (4.20)

The �attened form is then a really simple anti-diagonal matrix:

vec

 
@2J
@F2

!

=

2

6
6
6
4

0 0 0 1
0 0 � 1 0
0 � 1 0 0
1 0 0 0

3

7
7
7
5

. (4.21)

Just like we abbreviated the gradient of J to gJ , let's call this matrix H J , since it's the
H essian ofJ :

H J = vec

 
@2J
@F2

!

. (4.22)

That's the 2D version.

The 3D version: In 3D, things get messier, but it also reveals a more interesting structure.
For this version, we �rst to have to de�ne an operator that converts a vector into a
cross-product matrix:

x̂ =

2

6
4

0 � x2 x1

x2 0 � x0

� x1 x0 0

3

7
5 . (4.23)

The full 3D Hessian takes a long time to work out, but after lots of symbolic-machete-
slashing, we �nd this form:

H J =

2

6
4

03� 3 � f̂2 f̂1

f̂2 03� 3 � f̂0

� f̂1 f̂0 03� 3

3

7
5 . (4.24)

42



4. Computing Force Gradients the Tensor Way

1 function [H] = hessianJ(F)
2 zero3 = zeros(3,3);
3 f0 = F(: ,1);
4 f1 = F(: ,2);
5 f2 = F(: ,3);
6 f0hat = crossMatrix(f0);
7 f1hat = crossMatrix(f1);
8 f2hat = crossMatrix(f2);
9 H = [ zero3 -f2hat f1hat;

10 f2hat zero3 -f0hat;
11 -f1hat f0hat zero3];
12 end
13

14 function [ final ] = crossMatrix(f)
15 final = [ 0 -f(3) f(2);
16 f (3) 0 -f(1);
17 -f(2) f(1) 0];
18 end

Figure 4.3.: Matlab/Octave code for the 3D version of vec
�

@2J
@F 2

�
= H J from Eqn. 5.7.

The 0s above are all3 � 3 zero matrices, and f i refer to the columns of F. Now we see
the interesting structure. The matrix H J is full of cross-product matrices, but compare
its structure to Eqn. 4.23. Its block structure follows the cross-product form! It's a block
cross-product matrix of cross-product matrices, or in other words a fractal cross-product. What
does it mean? Is there some basic property of Kronecker products that gives rise to this
structure? I'm not sure. Sure is interesting though. 3

Coding this matrix up right can be somewhat delicate, so I've provided a reference
Matlab implementation for you in Fig. 4.3.

4.2.2.3 The Full Hessian

Coming back to the Hessian of the Neo-Hookean energy:

@P
@fij

= �
@F
@fij

+
�

� + � (1 � logJ )
J 2

�
@J
@fij

@J
@F

+
�

� logJ � �
J

�
@2J

@F@fij
.

Now we have all the pieces to write the boxed terms out in �attened form:

vec
�

@P
@F

�
= � I 9� 9 +

�
� + � (1 � logJ )

J 2

�
gJ gT

J +
�

� logJ � �
J

�
H J . (4.25)

Not toobad. We're still stuck with the ugly scalar coe�cients, but at least the matrix
terms, I 9� 9, gJ and H J all have compact forms. We can de�nitely build this, left- and
right-multiply it with @F

@x , and get the force gradient.

3To my knowledge, our paper Smith et al. (2018) was the �rst to observe this structure. Maybe 4D
versions of J will create another fractal level? Sounds like a good homework problem.
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You may start to worry here: am I going to have to go through this process for every
stinking energy? Will there be some new and potentially more hideous g� and H � terms
that I'll need to derive every single time? Mercifully, the answer is no.

As we'll see later, there are a very small number of g and H terms that can ever appear,
and gJ and H J are actually the worst of them. Ugliness will appear elsewhere, but it
won't be because there's an in�nite explosion of g- and H -like terms that you need to
tediously arrange every single time.

4.2.3 St. Venant-Kirchho�: Things Get Worse

Let's try another energy. This time, we'll do St. Venant-Kirchho�, but only the stretching
term, because even then, things will get ugly really fast. The energy and its PK1 are:

	 StVK, stretch = kEk2
F

P = FE = F(FT F � I )

= FF T F � F.

We're going to see with this energy, we need to introduce the concept of invariants to get
at its �attened Hessian. This concept will become all-consumingly important in Ÿ5, so
let's initially dip our toe into the topic by seeing how it crops up in StVK.

Once again, let's derive a matrix entry of the 4 th-order tensor:

@P
@fij

=

 
@F
@fij

FT F + F
@F
@fij

T

F + FF T @F
@fij

!

�
@F
@fij

(4.26)

On the right, the @F
@fij

is our friend the Dirichlet term, whose �attened Hessian will at
least contain an easy �

2 I 9� 9. The rest of the terms cause more trouble.

To make further progress, we're going to need the Cauchy-Green invariants4. The invariants
are a set ofthreescalars that often arise when dealing with hyperelastic energies. We've
actually already seen the �rst invariant:

I C = kFk2
F

We've plumbed its depths already by getting all its derivatives:

@IC
@F

= 2F
@2I C

@F@fij
= 2

@F
@fij

vec

 
@2I C

@F2

!

= 2 I 9� 9.

It's just the Dirichlet energy! The new trouble we're seeing arises from the second
Cauchy-Green invariant:

II C = kFT Fk2
F

4Technically the right Cauchy-Green invariants, but we'll drop the �right� here, because it's not relevant.
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The derivatives we're currently slashing through are:

@IIC
@F

= 4FF T F
@2II C

@F@fij
= 4

 
@F
@fij

FT F + F
@F
@fij

T

F + FF T @F
@fij

!

.

Hey, that's the same hairy term from the Hessian of StVK (Eqn. 4.26)! Up to a constant
factor. In total, the StVK stretching energy is really just a combination of the �rst and
second invariants. If we can determine the �attened Hessian for the second invariant,
then we have all the pieces we need to obtain the �attened Hessian for the StVK stretching
term. It's not pretty, but here it is:

H II = 4
�

I 3� 3 
 FF T + FT F 
 I 3� 3 + D
�

.

The 
 denotes a Kronecker product, and the D term works out to: 5

D =

2

6
4

f0f T
0 f1f T

0 f2f T
0

f0f T
1 f1f T

1 f2f T
1

f0f T
2 f1f T

2 f2f T
2

3

7
5 . (4.27)

If you haven't seen a Kronecker product before, or haven't used them in a long time, they
are reviewed in Appendix C.5. Like I said, it's not pretty. But, at least we've baked all the
ugliness into H II , so we can go straight from this version of the StVK Hessian,

@P
@fij

=

 
@F
@fij

FT F + F
@F
@fij

T

F + FF T @F
@fij

!

�
@F
@fij

, (4.28)

down to this short thing:

vec
�

@P
@F

�
=

1
4

H II � I 9� 9. (4.29)

At least we got something, and as with Neo-Hookean, it will turn out that the pieces we've
just obtained can be used over and over elsewhere. Things could be worse.

4.2.4 As-Rigid-As-Possible: Things Go Terribly Wrong

With the As-Rigid-As-Possible (ARAP) energy, things �nally go terribly wrong. It's a
little surprising that such a friendly-looking energy would cause such trouble:

	 ARAP =
�
2

kF � R k2
F

P = � (F � R ).

If you recall from Ÿ3.6.3, ARAP was voted �Most Spring-Mass-Like� because, just like
with spring-mass forces, its PK1 simply took the expression inside the norm and placed
it outside of the norm.

5This may look like an outer product of vecF , but don't be fooled. It's slightly di�erent. Is there another
clean explanation? Not that I've found, so if you �nd one, send me an email.
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We can write down a matrix entry in its 4 th-order tensor thusly:

@P
@fij

= �

 
@F
@fij

�
@R
@fij

!

.

The full 4 th-order tensor doesn't look much di�erent:

@P
@F

= �
�

@F
@F

�
@R
@F

�
.

The �rst term is easy: @F
@F is our Dirichlet buddy yet again. The second term is the

trouble-maker. What the heck is@R
@F ? The R comes from the polar decomposition F = RS,

so it arrives as a result of a numerical factorization of F. How are we supposed to take
the derivative of a numerical factorization? There are no explicit entries of F that appear
in R , so running back to your old calculus textbook will not help.

We could try applying auto-di�erentiation to the numerical algorithm used for the polar
decomposition. I did this once (Gao et al. (2009)), and it is by far the ugliest and most
complicated code that I have ever written. It was also brittle and slow. Don't try it.

This term is so odd-looking that early works either missed or glossed over it (Müller et al.
(2002); Irving et al. (2004)). Later work (Chao et al. (2010); McAdams et al. (2011); Barbic
(2012)) noticed its existence, and devised a variety of techniques, of varying complexity,
for dealing with it. One thing is for sure: if we want to get an expression for the ARAP
energy's Hessian, we're going to need something more. We need a way to compute @R

@F ,
the rotation gradient.

This will turn out to be a can of worms that opens a trapdoor under our feet, throws
us down a dusty chute, through roots and vines, and dumps us out on an entirely new
forest path. It'll need its own chapter.

46



5. A Better Way For Isotropic Solids

Chapter 5

A Better Way For Isotropic Solids

This chapter is a loose retelling of Ÿ4.1 and Ÿ4.2 from Smith et al. (2019). If you want to
just cut to the chase, the �nal algorithm is given in Ÿ5.5. Everything preceding it will
explain where the pieces of this algorithm are coming from, and why they are necessary.

5.1 The Situation So Far

In the previous chapter, we looked at a whole bunch of di�erent deformation energies:

	 Dirichlet = kFk2
F

	 BW08 =
�
2

(kFk2
F � 3) � � log(J ) +

�
2

�
log(J )

� 2

	 StVK, stretch = kEk2
F

	 ARAP =
�
2

kF � R k2
F

After jumping through lots of tensor hoops and doing a bunch of tedious manipulations,
getting the force gradients for these energies turned out to be possible.1 Except for ARAP.
What's going on? Why does this friendly-looking energy cause so much trouble?

What we're going to see is that the �rst three energies, 	 Dirichlet , 	 BW08 and 	 StVK, stretch
are all Cauchy-Greenenergies. I mentioned the Cauchy-Green thing in Ÿ4.2.3 when we
were looking at 	 StVK, stretch, but now it will take center stage. Just to o�er a spoiler, it
will turn out that ARAP is not part of the Cauchy-Green Club, and its non-membership
is the source of all the trouble. What does this even mean?

This chapter is longer than the previous ones, so again, if you want to cut to the chase,
the �nal result is in Ÿ5.5. Otherwise, let's get started on our journey.

1Just so we don't lose sight of our goal, we need these gradients if we want to use a Bara� and Witkin
(1998)-style simulator.
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5.2 The Cauchy-Green Invariants (a.k.a The Wrong Way)

5.2.1 The Gradients and Hessians of the Invariants

There are lots of ways to boil the matrix F down to a scalar, and depending on the
method you choose, it can reveal di�erent aspects of what's going on inside F. The
Cauchy-Green invariants are one method, and while we will later see that they're not the
one truemethod, we should �rst see what they're good at and what they're bad at. Then
we'll see if we can �x the bad while keeping the good.

Here are the three Cauchy-Green invariants:

I C = kFk2
F (5.1)

II C = kFT Fk2
F (5.2)

III C = det
�

FT F
�

. (5.3)

There are lots of identities you can apply to these, so these invariants can show up in
di�erent places in lots of sneaky disguises. For example, the �rst invariant has been
known to use the following aliases:

I C = tr
�

FT F
�

= tr( C) = kFk2
F = F : F =

X

i

X

j

F2
ij . (5.4)

Meanwhile, the third invariant can show up in these forms:

III C = det
�

FT F
�

= det( C) = det( F)2 = J 2. (5.5)

Above, C = FT F, and that's where the C subscript for the invariants comes from. 2

Why are these invariants useful? Why are we even talking about them? We got a small
hint of this in the previous chapter, when �guring out the force gradient of 	 StVK, stretch
got a lot easier once we introduced II C . Also, I mentioned in Ÿ4.2.2.3 that there is a
limited rogue's galleryof g� and H � terms that can ever appear.

The invariants bring these two advantages together. If we can get the gradients and
Hessians of all three invariants, then deriving the an energy's force gradient becomes
much easier. This is because the gradients and Hessians of the invariantsare the complete
rogue's gallery. Once we have these, everything becomes a mix-and-match exercise
involving the same pieces over and over. 3

2If you've taken a theory-slanted linear algebra class, or maybe a visualization class, you may recognize
these as thetensor invariantsthat arise from the characteristic polynomial of C . If you don't know what
those words mean, that's okay too.

3Except when we try it on the ARAP energy! But, let's �rst see how high we can �y with this Cauchy-Green
thing before ARAP causes us to face-plant.

48



5. A Better Way For Isotropic Solids

We saw the gradient and Hessian of I C before in Ÿ4.2.3:

@IC
@F

= 2F
@2I C

@F2 = 2
@F
@F

.

We �atten these to get the gradient and Hessian versions:

gI = vec
�

@IC
@F

�
= 2 vec(F)

H I = vec

 
@2I C

@F2

!

= 2 I 9� 9.

We can do the same thing for II C ,

gII = 4 vec (FE )

H II = 4
�

I 3� 3 
 FF T + FT F 
 I 3� 3 + D
�

,

where D was de�ned in Eqn. 4.27. Finally, here are the gradient and Hessian of III C ,

gIII = 2 det J � gJ

H III = 2gJ gT
J + 2 det J � H J

where we saw gJ and H J back in Eqns. 5.6 and 5.7:

gJ = vec
�

@J
@F

�
= vec

0

B
B
@

2

6
4 f1 � f2 f2 � f0 f0 � f1

3

7
5

1

C
C
A (5.6)

H J =

2

6
4

0 � f̂2 f̂1

f̂2 0 � f̂0

� f̂1 f̂0 0

3

7
5 . (5.7)

5.2.2 Getting Any Hessian, the Cauchy-Green Way

With these in hand, we can now use the chain rule 4 to obtain a generic expression for the
Hessian of some arbitrary energy, 	 :

vec

 
@2	
@F2

!

=
@2	
@I2C

gI gT
I +

@	
@IC

H I +

@2	
@II2C

gII gT
II +

@	
@IIC

H II +

@2	
@III2

C
gIII gT

III +
@	

@IIIC
H III .

4Technically Faá di Bruno's formula, since it's a higher order derivative.
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A compact, but slightly more obtuse, way of writing this is:

vec

 
@2	
@F2

!

=
X

x2f I C ,II C ,III C g

@2	
@x2

gxgT
x +

@	
@x

H x . (5.8)

We just got done listing all the g� and H � terms in Ÿ5.2.1, so there's no work left to do
there. Like I said, it's the complete rogue's gallery. Instead, the only new work to be done
is deriving all the @	

@x and @2 	
@x2 terms, such as @	

@IC
and @2 	

@I2C
.

Those are all scalar derivatives! You can grind through those with just a high-school
level grasp of calculus.5 If you're feeling really slovenly, you can even just pawn it o� on
Mathematica or Wolfram Alpha.

There are now three steps to deriving the Hessian of an energy:

1. Re-write your energy 	 in terms of I C , II C , and III C .

2. Derive the scalar derivatives, @	
@IC

, @2 	
@I2C

, @	
@IIC

, @2 	
@II2C

, @	
@IIIC

and @2 	
@III 2

C
. Yes, there are

six of them, but c'mon, it's like six homework problems! And it's not cheating to
use the computer!

3. Plug the results into Eqn. 5.8. You're all done.

5.2.3 St. Venant Kirchho� Stretching, the Cauchy-Green Way

Let's try it out on the stretching term from St. Venant Kirchho�:

	 StVK, stretch = kEk2
F . (5.9)

Step 1: Rewrite using invariants. Expanding out the E = 1
2

�
FT F � I

�
and re-writing

in terms of invariants, we get

	 StVK, stretch = kEk2
F (5.10)

=
1
4

kFT F � I k2
F (Substitute E)

=
1
4

�
kFT Fk2

F � 2 tr
�

FT F
�

+ kI k2
F

�
(Apply B.16)

=
1
4

II C �
1
2

I C + 3 (Substitute invariants)

We also used kI k2
F = 3 on the last line, which holds in 3D. In 2D, kI k2

F = 2 , but this
usually isn't that important, because it works out to a constant either way, and the
constant gets burned o� when we take the derivative.

5If you don't have a high-school level grasp of calculus, but have gotten this far, then some Srinivasa
Ramanujan-type situation is going on, and probably don't need to read any of this.
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Step 2: Take the invariant derivatives. Here they are:

@	 StVK, stretch

@IC
= �

1
2

@2	 StVK, stretch

@I2C
= 0 (5.11)

@	 StVK, stretch

@IIC
=

1
4

@2	 StVK, stretch

@II2C
= 0 (5.12)

@	 StVK, stretch

@IIIC
= 0

@2	 StVK, stretch

@III2
C

= 0 (5.13)

Wait a minute ... most of these just work out to zero. Did the professor make the homework
problem super-easy by accident?! No, the derivatives are usually pretty easy. Like I
said, this part turns into a calculus homework problem; one of the easy ones near the
beginning, not a hard one from the end.

Step 3: Plug into Eqn. 5.8. Now let's plug into that sum from before:

vec

 
@2	 StVK, stretch

@F2

!

= 0 � gI gT
I �

1
2

H I + 0 � gII gT
II +

1
4

� H II + 0 � gIII gT
III + 0 � H III

=
1
4

H II �
1
2

H I

=
1
4

H II � I 9� 9 (Plug in the de�nition of H I )

It's exactly the same as Eqn. 4.29, but much easier to derive! The system works.

5.2.4 Neo-Hookean, the Cauchy-Green Way

Next let's try it out on Bonet and Wood (2008)-style Neo-Hookean:

	 BW08 =
�
2

(kFk2
F � 3) � � log(J ) +

�
2

�
log(J )

� 2

Step 1: Rewrite using invariants. We can write this as:

	 BW08 =
�
2

(I C � 3) � � log(
p

III C ) +
�
2

�
log(

p
III C )

� 2

At this point, I'm going to let you in on a secret: using
p

III C is a bad idea.Remember
that III C = (det F)2, and J = det F. When we compute

p
III C , all we're doing is taking

the sign of J and throwing it away.

The sign of J is really useful! If it's negative, it means that our element has been non-
physically poked inside out, a.k.a. inverted. If we're in this situation, we want to know
about it so we can deal with it. We'll talk about this more later on in Ÿ6.1.2. For the time
being, let's keep the J s in the energy intact:

	 BW08 =
�
2

(I C � 3) � � log(J ) +
�
2

�
log(J )

� 2
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Step 2: Take the invariant derivatives. Let's take the derivatives, but instead of @	
@IIIC

and @2 	
@III 2

C
, we'll use @	

@J and @2 	
@J2

6:

@	 BW08

@IC
=

�
2

@2	 BW08

@I2C
= 0 (5.14)

@	 BW08

@IIC
= 0

@2	 BW08

@II2C
= 0 (5.15)

@	 BW08

@J
=

� logJ � �
J

@2	 BW08

@J2
=

� (1 � logJ ) + �
J 2 . (5.16)

The scalar derivatives are a little more involved than last time, but again, you can just
punch it into Mathematica or Wolfram Alpha and have it do all the heavy lifting for you.
It's not cheating. It's what I just did.

Step 3: Plug into the chain rule. For the �nal expression, we're going to again replace
all the III C terms with J terms, as follows:

vec

 
@2	
@F2

!

=
@2	
@I2C

gI gT
I +

@	
@IC

H I +

@2	
@II2C

gII gT
II +

@	
@IIC

H II +

@2	
@J2

gJ gT
J +

@	
@J

H J .

Fortunately, we have expressions for gJ and H J in Eqns. 5.6 and 5.77, so we get:

vec

 
@2	 BW08

@F2

!

=
�
2

H I +
� (1 � logJ ) + �

J 2 gJ gT
J +

� logJ � �
J

H J . (5.17)

= � I 9� 9 +
� (1 � logJ ) + �

J 2 gJ gT
J +

� logJ � �
J

H J .

(Plug in the de�nition of H I )

Again, it matches Eqn. 4.25 exactly! But, it was much easier to derive.

5.2.5 As-Rigid-As-Possible: Things Go Terribly Wrong (Again)

It sure seems like we now have an easy and generic way of deriving any Hessian. Let's
try it out on ARAP:

	 ARAP =
�
2

kF � R k2
F (5.18)

6This is still kosher. You can verify it via the chain rule if it bothers you.
7Really, the III C versions just built on top of them. The J versions are clearly the more atomic and

fundamental expressions, which we'll see in more detail in Ÿ5.3.3.2.
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Step 1: Rewrite using invariants. Things will go o� the rails quickly:

	 ARAP =
�
2

kF � R k2
F (5.19)

= kFk2
F � 2 tr

�
FT R

�
+ kR k2

F (Apply B.16)

= I C � 2 tr
�

FT R
�

+ 3. (Substitute Invariants)

What the heck istr
�

FT R
�

? It doesn't correspond to any of the Cauchy-Green invariants!

Like we saw in 4.2.4, the R term comes from the polar decomposition F = RS, so it
arises from the numerical factorization of F.

But that messes everything up! The R makes it so that we can't fold all appearances ofF
into Cauchy-Green invariants, and that breaks our entire Hessian derivation strategy.
Nice going, ARAP.

What went wrong? The ARAP energy has now ruined things twice. In Ÿ4.2.4, we tried to
do things the hard way and slash our way through a thicket of tensors and derivatives,
but came up against an impenetrable rotation gradient term, @R

@F . At that point, we
were stuck. How do you take the symbolic derivative of something ( R ) that is purely
numerical?

Then, we tried the Cauchy-Green invariant approach, but immediately ran into a

tr
�

FT R
�

term that doesn't �t into our invariants, and again we got stuck. Why do things

keep going wrong?

5.3 A Better Set of Invariants?

Our most recent problem, the tr
�

FT R
�

term, provides a good clue. To see why, let's

look again at all the forms that the I C invariant can take:

I C = tr
�

FT F
�

= tr( C) = kFk2
F = F : F =

X

i

X

j

F2
ij .

I've highlighted the most relevant one in red. This sure looks similar to that tr
�

FT R
�

term that was giving us trouble, doesn't it? Keeping in mind again that R arose from the
polar decomposition F = RS, we can go ahead and write this as,

tr
�

FT R
�

= tr
�

ST
�

= tr ( S) , (5.20)

where we can drop the transpose at the end becauseS is a symmetric matrix.

Can we just add this to our gallery of invariants? Is that even a sensible question to ask? I
haven't actually mentioned yet why these are called invariants. Invariants with respect to
what? Understanding these quantities intuitively is about to become important, so let's
look at two di�erent ways to think about them.
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5.3.1 Invariants as Rotation Removers

The Cauchy-Green invariants are invariant to rotation, that irritating quantity from way
back in Ÿ2.3.4 that we poured lots of e�ort into removing from F. Only then could we
get a clear picture of how much stretching and squashing was going on. No matter how
you rotate some deformed triangle or tetrahedron in space, if you compute I C , II C , or
III C , they should return the exact same number. In Ÿ2.3.4, we looked at two di�erent
approaches to removing the rotation.

5.3.1.1 The St. Venant-Kirchho� Way

The �rst was in Ÿ2.3.4.3, where we used the StVK-style way,

	 StVK, stretch =
1
2

kFT F � I k2
F .

which uses FT F to remove rotation. If we write this in terms of the polar decomposition,
we can explicitly see the moment the rotation gets burned o�:

FT F = ( RS)T RS = ST R T RS

= ST S (SinceR T R = I )

= S2 (SinceS is symmetric)

So really, we couldadd yet another alias to the list of disguises that I C can take on,

I C = tr
�

FT F
�

= tr( S2),

and we couldrewrite the StVK energy as:

	 StVK, stretch =
1
2

kS2 � I k2
F .

5.3.1.2 The As-Rigid-As-Possible Way

We also looked at a secondstyle of rotation removal in Ÿ2.3.4.4, the ARAP-style way:

	 ARAP = kF � R k2
F .

We can use the fact that the Frobenius norm does not change under rotation to burn o�
R in this case as well:

	 ARAP = kF � R k2
F

= kR T (F � R ) k2
F (Using rotation invariance of k � kF )

= kR T (RS � R ) k2
F (Inserting F = RS)

= kS � I k2
F (Using R T R = I )

Looks pretty close to the StVK energy in this form, doesn't it? One squares S while the
other one doesn't?
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5.3.1.3 Comparing the Two Ways

We can do one last manipulation to get a better understanding of what is going on. The
ultimate measure of how much stretching and squashing is reallygoing on in F can be
obtained using its SVD, which is F = U � V T . The diagonal matrix of singular values, � ,
shows exactlyhow much stretching is going on along each of the 3D directions. Can we
write each energy in terms of that?

Using the rotation invariance of k � k2
F again, and the de�nition S = V T � V , we get:

	 StVK, stretch =
1
2

kS2 � I k2
F

=
1
2

kV
�

S2 � I
�

V T k2
F (Using rotation invariance of k � kF )

=
1
2

kV
�

V T � VV T � V � I
�

V T k2
F (Using S = V T � V )

=
1
2

k�� � I k2
F (Using V T V = VV T = I , a lot)

=
1
2

k� 2 � I k2
F (Since� is a diagonal matrix)

	 ARAP = kS � I k2
F

= kV (S � I ) V T k2
F

= kV
�

V T � V � I
�

V T k2
F

= k� � I k2
F

In summary, we now have:

	 StVK, stretch =
1
2

k� 2 � I k2
F 	 ARAP = k� � I k2

F

Ignoring the 1=2 in front of 	 StVK, stretch
8, the only real di�erence is that StVK squares all

the singular values, while ARAP doesn't. What does that mean?

We can use the sameS = V T � V identity to obtain a new alias for I C :

I C = tr
�

FT F
�

= tr( S2) = tr(� 2).

Curiously, that irritating tr
�

FT R
�

term from ARAP works out to something similar:

tr
�

R T F
�

= tr( S) = tr(�).

When you boil things down to just the singular values � , it sure looks like tr
�

R T F
�

measures something similar to I C . That squaring of � though, how important is it?
Again, what does it even mean? To answer that, we'll need to look at the invariants from
a di�erent perspective.

8We're looking at the qualitative behavior of these energies as F changes, so a constant in front doesn't
matter.
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Figure 5.1.:The matrix F describes the rotation and scaling of an in�nitesimal cube of
material. The singular values of F, the � f x,y,zg labels above, describe the
lengths of each side of that cube.

5.3.2 Invariants as Geometric Measurements

In the last section, I said that to see what's really going on in F, you should look at its
singular values, i.e. the � in F = U � V T . We can interpret the invariants in terms of
these singular values.

Looking at the tr(� 2) version of I C , this works out to:

I C = � 2
x + � 2

y + � 2
z . (5.21)

The � f x,y,zg terms have a straightforward geometric interpretation. The F matrix charac-
terizes rotation and scaling at a quadrature point, i.e. some in�nitesimal volumetric piece
of the solid. As described previously, the singular values are amount of stretching and
squashing along each axis, as shown in Fig. 5.1.

Figure 5.2.: I C sums up the squared lengths of each side of the cube:I C = � 2
x + � 2

y + � 2
z .

I.e. it measures the overall edge lengths of the entire cube.

The I C invariant is the sum of the squared lengths of each side of the cube(Fig. 5.2). We
can work out similar terms for II C and III C , and show that they have straightforward
geometric meanings with respect to this cube.
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The II C invariant can be rewritten thusly:

II C = kFT Fk2
F

= tr
� �

FT F
� T

FT F
�

= tr
�

S2S2
�

(Using FT F = S2, from Ÿ5.3.1.1)

= tr ( SSSS) (Expanding the S2)

= tr
�

V T � VV T � VV T � VV T � V
�

(Using S = V T � V )

= tr
�

V T ���� V
�

(Using VV T = I )

= tr
�

V T � 4V
�

(Consolidating the � s)

= tr
�

VV T � 4
�

(Using the cyclic permutation property)

= tr
�

� 4
�

(Using VV T = I )

= � 4
x + � 4

y + � 4
z

The cyclic permutation property of traces is: tr( ABC ) = tr( BCA ) = tr( CAB ).

Thus, the II C invariant is the sum of the lengths of each side of the cube, raised to the fourth
power. This seems ... not that di�erent from I C . In fact, it seems to encapsulate the same
basic information. II C only becomes useful when it is folded into an alternate second
invariant:

II �
C =

1
2

(I 2
C � II C ). (5.22)

Chugging through, we get:

II �
C =

1
2

�
I 2

C � II C

�

=
1
2

�
(� 2

x + � 2
y + � 2

z )2 � II C

�
(De�nition of I C )

=
1
2

�
� 4

x + � 4
y + � 4

z + 2
�
� x � y

� 2 + 2 ( � x � z)2 + 2
�
� y � z

� 2 � II C

�

(Expanding the square)

=
1
2

�
� 4

x + � 4
y + � 4

z + 2
�
� x � y

� 2 + 2 ( � x � z)2 + 2
�
� y � z

� 2 �
�

� 4
x + � 4

y + � 4
z

� �

(De�nition of II C )

=
1
2

�
2

�
� x � y

� 2 + 2 ( � x � z)2 + 2
�
� y � z

� 2
�

(Fourth order terms cancel)

=
�
� x � y

� 2 + ( � x � z)2 +
�
� y � z

� 2

This expression is more interesting. Whereas I C was the summed squared lengthsof the
cube, II �

C is the sum of the squared areasof the cube faces (Fig.5.3).
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Figure 5.3.: II �
C sums up the squared areasof each side of the cube:II �

C =
�
� x � y

� 2 +

(� x � z)2 +
�
� y � z

� 2. I.e. it measures the overall face areas of the entire cube.

Finally, let's look at III C . The determinant of a matrix is the product of its singular
values, so this one is relatively easy:

III C = det( FT F) (5.23)

= det
�

V � U T U � V T
�

(Using F = U � V T )

= det
�

V �� V T
�

(Using U T U = I )

= ( � x � y � z)2. (V is a rotation, so the singular values are � 2)

Thus, III C measures the square of the cube'svolume(Fig. 5.4).

Figure 5.4.: III �
C is the squared volumeof the cube: II �

C = ( � x � y � z)2.

Taken together, the three invariants measure some intuitive and relevant geometric
quantities:

I C = � 2
x + � 2

y + � 2
z ! squared edge lengths

II �
C =

�
� x � y

� 2 + ( � x � z)2 +
�
� y � z

� 2 ! squared face areas

III C = ( � x � y � z)2 ! squared volume.
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This looks like a fairly completeway to describe how some small cube of material can
deform, so it makes sense that people have been using the Cauchy-Green invariants to
describe deformation for the last 80 years (since Mooney (1940), at least).

So then what is the problem with ARAP? These three invariants look like a completely
reasonable way to describe deformations, so why can't the ARAP energy be written
down in terms of them?

5.3.3 A New Set of Invariants

5.3.3.1 A New First Invariant

Back in Ÿ5.3.1.3, we saw this alias forI C ,

I C = tr(� 2),

and this one for the irritatingly non-cooperative term in ARAP:

tr
�

R T F
�

= tr( S) = tr(�).

Then in Ÿ5.3.2 we got a singular value version of I C ,

I C = � 2
x + � 2

y + � 2
z ,

while the non-cooperative term trivially takes this form:

tr( S) = � x + � y + � z.

The non-cooperative term is an unsquaredversion of I C . Here, it �nally becomes clear
why ARAP can't be written in terms of the Cauchy-Green invariants. You can't use a sum
of squared values to express a sum of unsquared values.

This strongly suggests that tr( S) should be its own invariant, because it describes
something in F that can't be described with the Cauchy-Green invariants. Let's call it:

I 1 = tr( S). (5.24)

5.3.3.2 A New Second and Third Invariant

We have essentially just performed the following substitution:

I C = tr
�

FT F
�

FT F ! S I 1 = tr ( S) (5.25)

Let's go ahead and perform the same operation on the second and third invariants to
round out the whole set:

II C = tr
�

FT FF T F
�

FT F ! S I 2 = tr
�

S2
�

(5.26)

III C = det
�

FT F
�

FT F ! S I 3 = det ( S) (5.27)
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Is this a good set of invariants? One way to decide this is to see if we can express the
original Cauchy-Green invariants using them. If we can, then we will know for sure that
new invariants can describe a super-setof the phenomena that the Cauchy-Green ones
could. That would be an excellent indicator that this new set is legitimate.

Well, I C is equivalent to I 2. We saw that I C = tr
�
S2

�
back in Ÿ5.3.1.3, so that one is

easy. Next up, III C = I 2
3 . We had already gotten hints about something like this back

in Ÿ5.2.4, whenJ = det F sure looked a lot more fundamental than III C = det
�

FT F
�

.

This suspicion is now con�rmed, since I 3 = det S = det F = J . This determinant of F
already captures all the essential information, so it should have an invariant all to itself.

This leaves II C . Showing the equivalence to our new invariants is straightforward in 2D:

II C = I 2
2 � 2I 2

3

= ( � 2
x + � 2

y )2 � 2(� x � y)2

= � 4
x + � 4

y + 2( � x � y)2 � 2(� x � y)2

= � 4
x + � 4

y .

The 3D version takes more work, but is possible:

II C =
1
2

�
I 2

2 � I 4
1

�
+ I 2

1 I 2 + 4 I 1I 3.

If you already believe me that this expression is legitimate, feel free to skip forward to
Ÿ5.3.4. Otherwise, here's the proof in all its grisly glory. First some auxiliary variables:

� = ( � x � y)2 + ( � x � z)2 + ( � y � z)2

� = � 2
x � y � z + � x � 2

y � z + � x � y � 2
z


 = � 3
x (� y + � z) + � 3

y (� x + � z) + � 3
z (� x + � y)

I 2
2 = II C + 2 �

I 4
1 = II C + 6 � + 12� + 4 


I 2
1 I 2 = II C + 2 � + 2 � + 2 


I 1I 3 = �

Now let's plug them into our expression:

II C =
1
2

�
I 2

2 � I 4
1

�
+ I 2

1 I 2 + 4 I 1I 3

II C =
1
2

(II C + 2 � � II C � 6� � 12� � 4
 ) + I 2
1 I 2 + 4 I 1I 3 (Expand I 2

2 and I 4
1 )

II C = � 4 (� + 3 � + 
 ) + I 2
1 I 2 + 4 I 1I 3 (Simplify the expansion)

II C = � 4 (� + 3 � + 
 ) + II C + 2 � + 2 � + 2 
 + 4 � (Expand I 2
1 I 2 and I 1I 3)

II C = � 4 (� + 3 � + 
 ) + II C + 4( � + 3 � + 
 ) (Simplify the expansion)

II C = II C

Our new invariants look legitimate. They are a super-set of Cauchy-Green.
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5.3.4 Does ARAP Work Now?

Now let's revisit Ÿ5.2.5 and try to write the ARAP energy in terms of our newinvariants:

I 1 = tr S I 2 = tr
�

S2
�

I 3 = det S (5.28)

Can we do it?

	 ARAP = kF � R k2
F (5.29)

= kFk2
F � 2 tr

�
FT R

�
+ kR k2

F (Apply B.16)

= I 2 � 2I 1 + 3 (SincekFk2
F = I C = I 2 and tr FT R = tr S = I 1)

Hooray! Now let's see if we can get the PK1, since we will need it to compute a force:

@	 ARAP

@F
=

@
@F

(I 2 � 2I 1 + 3) (5.30)

=
@I2
@F

� 2
@I1
@F

. (5.31)

Do we know these derivatives? Since I 2 = I C , we already have that one from Ÿ4.2.3:

@I2
@F

=
@IC
@F

= 2F.

What about @I1
@F ? SinceI 1 is our brand-new invariant, we're going to need to establish a

new expression. Fortunately, it turns out to be quite simple:

@I1
@F

=
@tr S
@F

=
@tr

�
RF T

�

@F
= R . (5.32)

It's just the rotation component of F! Now we can write the full PK1:

@	 ARAP

@F
=

@I2
@F

� 2
@I1
@F

(5.33)

= 2F � 2R (5.34)

= 2( F � R ) (5.35)

This matches what we got in Ÿ4.2.4, so everything checks out9. Now if we can just get an
expression for the Hessian of ARAP, then we're �nally all done:

@2	 ARAP

@F2 = 2
@

@F
(F � R ) (5.36)

= 2
�

@F
@F

�
@R
@F

�
. (5.37)

Oh ... right. There was that @R
@F rotation gradient term from Ÿ4.2.4 that we didn't know

how to deal with. Does our brand new I 1 invariant help us out with @R
@F ? Not in any way

that I can see. ARAP is making trouble again. ARAP, why can't you just behave?

9I dropped the �
2 term, just to make things a little cleaner.
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5.4 The Eigenmatrices of the Rotation Gradient

We have a new set of promising invariants, but one key piece is missing. If we can't �gure
out a good way to write down @2 I 1

@F 2 = @R
@F then everything was for naught. Or rather, we

can use some ugly numerical method to obtain @R
@F (like the one in Papadopoulo and

Lourakis (2000)), and our quest to �nd a clean and slick method for �nding Hessians
will come to a messy and vaguely unsatisfying end.

The core issue is that we don't know how to obtain a tidy symbolic derivative for the
numerical quantity R . However, as we will see, this derivative does indeed have a simple
and clean structure, if you look at it from the right perspective.

To get to that perspective, we need to look along two counter-intuitive directions:

ˆ The eigendecompositionof @R
@F will have a simple structure, i.e. we will be able to form

it directly Q and � from @R
@F = Q� QT . This is the oppositeof how things usually go.

Usually there's a simple way to write down some matrix A , and then you compute
the eigendecomposition, A = Q� QT , using some byzantine numerical method. The
entries of Q and � then form an impenetrable sea of numbers with no discernible
structure. Only in a few special cases10 do you ever get a simple, closed-form
representation of Q.

ˆ We won't be able to see anything if we �atten @R
@F out to a matrix and look at its

eigenvectors. Instead, we have to recognize @R
@F for what it really is: a 4 th-order

tensor (Ÿ4.1). We need to gaze at its eigenstructure in all its 4th-order glory.

In the 4th -order universe, an eigenvectorbecomes an eigenmatrix. The eigenmatrix
view will reveal the fundamental structure of the rotation gradient.

Let's take the �rst point for granted: the eigendecomposition of the rotation gradient
contains a simple structure that is waiting to be discovered. From there, you're probably
wondering what the eigendecomposition of a 4 th-order tensor looks like, and what the
heck an eigenmatrix is.

5.4.1 What's an Eigenmatrix?

Let's recall the basic eigenvalue problem:

Aq 0 = � 0q0.

The eigenvalue � 0 and the eigenvector q0 form an eigenpair of A . The vector q0 is special
because even after you push it through a multiply with A , it remains exactly the same.
Except, it was scaled by � 0.

10Like Fourier series popping out of the heat equation. That's a pretty important one.
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For some 4th-order tensor

A =

2

6
6
6
6
6
6
4

"
a0 a2

a1 a3

# "
a8 a10

a9 a11

#

"
a4 a6

a5 a7

# "
a12 a14

a13 a15

#

3

7
7
7
7
7
7
5

(5.38)

we can de�ne a similar eigenpair, (� 0, Q0). The equivalent eigenvalue problem is,

A : Q0 = � 0Q0,

where instead of the Aq 0 matrix-vector multiply, we have a double-contraction. We can
write down everything down in its grisly, fully-expanded verbosity like this:

A : Q0 =

2

6
6
6
6
6
6
4

"
a0 a2

a1 a3

# "
a8 a10

a9 a11

#

"
a4 a6

a5 a7

# "
a12 a14

a13 a15

#

3

7
7
7
7
7
7
5

:

"
q0 q2

q1 q3

#

=

"
(a0q0 + a1q1 + a2q2 + a3q3) (a8q0 + a9q1 + a10q2 + a11q3)
(a4q0 + a5q1 + a6q2 + a7q3) (a12q0 + a13q1 + a14q2 + a15q3)

#

= � 0

"
q0 q2

q1 q3

#

= � 0Q0.

Again, Q0 is a special matrix that, even after going through that baroque double-
contraction operation, emerges essentially unscathed. Except, it was scaled by� 0.

Now the thing is, the Aq 0 = � 0q0 and A : Q0 = � 0Q0 versions are exactly equivalent.
If you �nd some eigenmatrix Q0 of the tensor A, then it is also an eigenvector of the
�attened out matrix A = vec A. Again, spelling everything out verbosely:

(vecA)T (vecQ0) = A T q0 =

2

6
6
6
4

a0 a4 a8 a12

a1 a5 a9 a13

a2 a6 a10 a14

a3 a7 a11 a15

3

7
7
7
5

T 2

6
6
6
4

q0

q1

q2

q3

3

7
7
7
5

=

2

6
6
6
4

a0q0 + a1q1 + a2q2 + a3q3

a4q0 + a5q1 + a6q2 + a7q3

a8q0 + a9q1 + a10q2 + a11q3

a12q0 + a13q1 + a14q2 + a15q3

3

7
7
7
5

= � 0

2

6
6
6
4

q0

q1

q2

q3

3

7
7
7
5

= � 0q0 = � 0 vecQ0.
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This is good news! We don't have to come up with a whole new suite of numerical
methods to �nd the eigenmatrices of some tensor A. Instead, we can just �atten things
out to A = vec A, and run whatever eigenvalue routine you want from Matlab, Eigen, or
LAPACK. The (� i , q i ) pairs that come back can then just be re-folded back up into the
eigenmatrix-based pair, (� i , Q i ).

But if this is the case, why do we even care about eigenmatrices? If they contain the exact
same entries as eigenvectors, just repackaged into matrix form, why not use the more
familiar vector form?

5.4.2 Structures Lurk in the Decomposition of an Eigenmatrix

The reason we care about eigenmatricesis that once you have a matrix, you can apply a
variety of matrix-based tools that are not available for vectors. For example, you could
take the eigendecomposition of an eigenmatrix. It would be weirdly meta-mathematical
and fractal, but you could do it. Equivalently, you could take the QR decomposition or
SVD of an eigenmatrix.

Or, we can apply the results of the SVD from related matrices, and see if those reveals any
new structures. The most important matrix we've been dealing with throughout these
chapters, and ever since I highlighted it in bright red back in Ÿ2.3.3, is the deformation
gradient, F. Let's say that we had the SVD of that deformation gradient,

F = U � V T .

Let's also say that we went ahead and did the horribly ugly thing by computing the
rotation gradient, @R

@F , using the numerical approach of Papadopoulo and Lourakis (2000).
I'll even give you the actual Matlab code I used to do this in Figs. 5.5 and 5.6.

To keep things simple, let's look at the 2D version of @R
@F . In that case, if we poke at

the matrices coming out of DRDF_Horrible in Fig. 5.5, we will quickly discover that it's
a rank-one matrix composed of a single eigenpair, (� 0, Q0). Hoping to discover some
simple structure, we can stare at the entries of Q0, or even q0 = vec Q0. As usual, it will
just be an impenetrable wall of numbers. Not helpful.

We can poke at it more in Matlab and take its SVD, QR, and eigendecomposition to see
if something interesting shows up. Alas, I can tell you from experience that this will
not yield any insight either. Finally, while running a few errands over the weekend, and
chewing this problem over in the backs of ours minds, we get the nagging feeling that
everything we're dealing with really just boils down to F. Why not pound on Q0 using
the decomposition of F and see what happens?

We can try rotating Q0 into the same space asF using UQ 0V T . Nothing much to see
here, just the usual sea of numbers. How about we rotate Q0 out of the space ofF:

U T Q0V =

"
0 � 0.70711

0.70711 0

#

? (5.39)
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1 function [ final ] = DRDF_Horrible(R,S)
2 H = zeros(4,4);
3 for index = 1:4
4 i = mod(index - 1, 2);
5 j = floor (( index - 1) / 2);
6

7 % promote it by a dimension
8 i = i + 1;
9 j = j + 1;

10 index3 = i + (j - 1) * 3;
11

12 R3 = eye(3,3);
13 S3 = eye(3,3);
14 R3(1:2, 1:2) = R;
15 S3(1:2, 1:2) = S;
16

17 [DR3, DS3] = DRDF_Column(R3,S3, index3);
18

19 DR = DR3(1:2 ,1:2);
20 DS = DS3(1:2 ,1:2);
21 column = DR;
22

23 H(:, index) = reshape(column , 4, 1);
24 end
25 final = H;
26 endfunction

Figure 5.5.:Matlab code to compute the rotation gradient using a horrible numerical
method. We only use this temporarily on our way to �nding a clean expression
for @R

@F .
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1 function [DR, DS] = DRDF_Column(R,S, index)
2 i = mod(index - 1, 3);
3 j = floor (( index - 1) / 3);
4

5 % Matlab indexing
6 i = i + 1;
7 j = j + 1;
8

9 eiej = zeros(3,3);
10 eiej(i ,j) = 1;
11

12 G = (eye(3,3) * trace(S) - S) * R';
13 Rij = R' * eiej ;
14

15 % extract the skew vector
16 Rijsym = (Rij - Rij ') * 0.5;
17 skew = zeros(3,1);
18

19 skew(1) = -Rijsym(2,3);
20 skew(2) = Rijsym(1,3);
21 skew(3) = -Rijsym(1,2);
22 skew = 2 * skew;
23

24 omega = (G^-1) * skew;
25

26 cross = [ 0 -omega(3) omega(2);
27 omega(3) 0 -omega(1);
28 -omega(2) omega(1) 0];
29 DR = cross * R;
30 DS = R' * (eiej - DR * S);
31 end

Figure 5.6.:Matlab code to compute one column of the 3D rotation gradient. Like in
Fig. 5.5, we only use this as a waypoint on our journey to �nd a clean
expression for @R

@F . in DRDF_Horrible, I pinned one dimension of this 3D
version so that I could mess around with it in 2D.
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Hang on a minute. A bunch of zeros appeared, which is usually a good sign. Also, that
0.70711sure looks familiar from trigonometry. Wasn't it

p
2=2 = 1=

p
2, or something like

that? If we pull that constant out, we see that the structure of Q0 is actually:

Q0 =
1

p
2

U

"
0 � 1
1 0

#

V T . (5.40)

That's ... pretty simple! It's similar to F, but instead of the singular value matrix � in the

middle, it's just the constant matrix

"
0 � 1
1 0

#

. This matrix corresponds to an in�nitesimal

rotation in the 2D plane, so we call the whole thing a twist matrix. The 1=
p

2 makes
sense too. Eigenvectors have unit magnitude, and sinceU and V are already unitary
matrices, the only things left to normalize are the 1 and � 1 in the center matrix. Sincep

12 + ( � 1)2 =
p

2, the normalization factor is 1=
p

2.

If this entire process sounds improbably informal, and worryingly outside the hypothesis-
experiment-conclusion loop of scienti�c discovery you were taught in high school, just
know that real-world research doesn't always conform to that model. I know I'm not the
only researcher who stumbles across new things by just messing around in Matlab.

5.4.3 What About the Eigenvalue?

Let's look again at our horribly ugly, numerically-based rotation gradient code, DRDF_Horrible.
Just to see how the� 0 eigenvalue evolves, we can start plugging easy-looking integers
into the singular values, like � x = 2 and � y = 3 , � x = 2 and � y = 5 , and so on. You can
literally try this out yourself � the code to run these experiments is in Fig. 5.7.

From there, we can see� 0 take on values that look suspiciously like some tidy fractions.
For example, (� 0, � 1) = (2, 3) yielded 0.4, and (� 0, � 1) = (2, 5) yields 0.28571. Just to
con�rm our suspicion that these are fractions, we can push them through Matlab's rats
function, and see that rats (0.4) ! 2=5 and rats (0.28571)! 2=7 (last line, Fig. 5.7).

Running a variety of experiments with di�erent U , � and V , it will quickly become clear
that the eigenvalue takes the general form:

� 0 =
2

� x + � y
. (5.41)

If the informality and empiricism of this process bothers you, think of it like running
experiments to build up some numerical intuition. Once you see a pattern, you can posit
a testable theory.

5.4.4 Building the Rotation Gradient (Finally)

We now have the single eigenpair that composes the 2D rotation gradient:

� 0 =
2

� x + � y
Q0 =

1
p

2
U

"
0 � 1
1 0

#

V T . (5.42)
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1 % Pick your sigmas
2 Sigma = [2 0,
3 0 5];
4

5 % Pick some rotations
6 angleU = 0;
7 U = [cos(angleU) -sin(angleU);
8 sin(angleU) cos(angleU)];
9

10 angleV = 0;
11 V = [cos(angleV) -sin(angleV);
12 sin(angleV) cos(angleV)];
13

14 % compose your F
15 F = U * Sigma * V';
16

17 % compose your polar decomposition
18 R = U * V';
19 S = V * Sigma * V';
20

21 % get the rotation gradient
22 H = DRDF_Horrible(R,S)
23

24 % what 's the eigendecomposition look like?
25 [Q Lambda] = eig(H)
26

27 % is the eigenvalue a rational number?
28 rats(Lambda(4,4))

Figure 5.7.:Matlab code to experiment with the single eigenvalue of the rotation gradient.
Plug di�erent integers into the diagonal of Sigma and see suspiciously
rational-looking quantities pop out at the end.
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1 function [ final ] = DRDF_Clean_2D(U, Sigma , V)
2 Q0 = (1 / sqrt (2)) * U * [0 -1; 1 0] * V';
3 q0 = vec(Q0);
4 lambda0 = 2 / (Sigma(1,1) + Sigma(2,2));
5 final = lambda0 * (q0 * q0 ');
6 endfunction

Figure 5.8.:Fast and compact Matlab code for building the 2D rotation gradient. This
implements Eqn. 5.43. Looks nicer than Figs. 5.5 and 5.6, don't you think?

We can then use an outer product to arrive at a very simple way to compute the �attened
rotation gradient: 11

vec
�

@R
@F

�
=

2
� x + � y

vec (Q0) vec (Q0)T . (5.43)

This also maps onto some very simple Matlab code, given in Fig. 5.8. We can chug
through the entire experimental process again to �nd a similar expression for the 3D
rotation gradient. I will spare you all the intermediate Matlab muddling, and instead tell
you that the 3D rotation gradient is rank-3, and the three eigenpairs follow a pattern that
is similar to 2D:

� 0 =
2

� x + � y
Q0 =

1
p

2
U

2

6
4

0 � 1 0
1 0 0
0 0 0

3

7
5 V T (5.44)

� 1 =
2

� y + � z
Q1 =

1
p

2
U

2

6
4

0 0 0
0 0 1
0 � 1 0

3

7
5 V T (5.45)

� 2 =
2

� x + � z
Q2 =

1
p

2
U

2

6
4

0 0 1
0 0 0

� 1 0 0

3

7
5 V T . (5.46)

We can then use the same outer product form as the 2D case to compute the �nal

vec
�

@R
@F

�
matrix,

vec
�

@R
@F

�
=

2X

i =0

� i vec (Q i ) vec (Q i )
T , (5.47)

where � i and Q i correspond to Eqns. 5.44 to 5.46. The corresponding Matlab code is
given in Fig. 5.9.

11Oh hey look it's that counter-intuitive eigendecomposition I warned you would happen in the �rst
bullet point back at the beginning of Ÿ5.4.
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1 function [H] = DRDF_Clean_3D(U, Sigma , V)
2 % get the twist modes
3 T0 = [0 -1 0;
4 1 0 0;
5 0 0 0];
6 T0 = (1 / sqrt (2)) * U * T0 * V';
7

8 T1 = [0 0 0;
9 0 0 1;

10 0 -1 0];
11 T1 = (1 / sqrt (2)) * U * T1 * V';
12

13 T2 = [ 0 0 1;
14 0 0 0;
15 -1 0 0];
16 T2 = (1 / sqrt (2)) * U * T2 * V';
17

18 % get the flattened versions
19 t0 = vec(T0);
20 t1 = vec(T1);
21 t2 = vec(T2);
22

23 % get the singular values
24 sx = Sigma(1,1);
25 sy = Sigma(2,2);
26 sz = Sigma(3,3);
27

28 H = (2 / (sx + sy)) * (t0 * t0 ');
29 H = H + (2 / (sy + sz)) * (t1 * t1 ');
30 H = H + (2 / (sx + sz)) * (t2 * t2 ');
31 end

Figure 5.9.:Fast and compact Matlab code for building the 3D rotation gradient. This is
the outer product of the eigenmatrices from Eqns. 5.44 - 5.46.
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5.5 Building a Generic Hessian (Finally)

We now have everything in hand needed to compute the Hessian for an isotropic energy.
Remember what happened back in Ÿ5.2.2: we wrote things in terms of the Cauchy-Green
invariants, and it looked like we were on easy street for building the �nal expression.
Then we tried to approach on ARAP, which didn't �t into the Cauchy-Green formalism,
and blew it all to smithereens.

Now we do have a set of invariants that encompass ARAP, so let's use them to get a
similarly generic approach. Starting from our new Smith et al. (2019) invariants,

I 1 = tr ( S) I 2 = tr
�

FT F
�

I 3 = det F, (5.48)

we have the gradient (g� ) and Hessian (H � ) of each:

g1 = vec (R ) H 1 =
2X

i =0

� i vec (Q i ) vec (Q i )
T (Eqn. 5.47)

g2 = vec (2F) H 2 = 2 I 9� 9

gJ = vec

0

B
B
@

2

6
4 f1 � f2 f2 � f0 f0 � f1

3

7
5

1

C
C
A H J =

2

6
4

0 � f̂2 f̂1

f̂2 0 � f̂0

� f̂1 f̂0 0

3

7
5 .

Now we can write an alternative expression for the energy Hessian:

vec

 
@2	
@F2

!

=
@2	
@I21

g1gT
1 +

@	
@I1

H 1 +
@2	
@I22

g2gT
2 +

@	
@I2

H 2 +
@2	
@I23

g3gT
3 +

@	
@I3

H 3 (5.49)

=
3X

i =1

@2	
@I2i

gi gT
i +

@	
@Ii

H i . (5.50)

Finally, we follow the same three-step process as before, but using the Smith et al. (2019)
invariants:

1. Re-write your energy 	 using I 1, I 2 and I 3.

2. Derive the scalar derivatives, @	
@I1

, @2 	
@I21

, @	
@I2

, @2 	
@12

2
, @	

@I3
and @2 	

@I23
.

3. Plug the results into Eqn. 5.50.

Let's put this algorithm through its paces. First, let's con�rm it does the same thing as
Cauchy-Green by con�rming that we still get the same results for Neo-Hookean.

5.5.1 Neo-Hookean, the Smith et al. (2019) Way

Once again, here's Bonet and Wood (2008)-style Neo-Hookean:

	 BW08 =
�
2

(kFk2
F � 3) � � log(J ) +

�
2

�
log(J )

� 2
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Step 1: Rewrite using invariants. This takes the form:

	 BW08 =
�
2

(I 2 � 3) � � log(I 3) +
�
2

�
log(I 3)

� 2

We're now using I 3 instead of J , or the even more ridiculous-looking
p

III C . So, things
are already looking cleaner.

Step 2: Take the invariant derivatives. These are similar to before, which is good sign:

@	 BW08

@I1
= 0

@2	 BW08

@I21
= 0 (5.51)

@	 BW08

@I2
=

�
2

@2	 BW08

@I2
= 0 (5.52)

@	 BW08

@I3
=

� log I 3 � �
I 3

@2	 BW08

@I23
=

� (1 � log I 3) + �
I 2

3
. (5.53)

Step 3: Plug into the chain rule. Plugging into Eqn. 5.50, but dropping everything with
a zero coe�cient, we get:

vec

 
@2	 BW08

@F2

!

= � I 9� 9 +
� (1 � log I 3) + �

I 2
3

g3gT
3 +

� log I 3 � �
I 3

H 3.

It matches both Eqn. 4.25 and Eqn. 5.17: mission accomplished! The Smith et al. (2019)
Way is looking legit.

5.5.2 ARAP, the Smith et al. (2019) Way

Now let's look again at our troublemaking friend, ARAP:

	 ARAP = kF � R k2
F .

Step 1: Rewrite using invariants. Unlike the last time we tried this in Ÿ5.2.5, we now
have the I 1 invariant at our disposal. We actually already did this rewrite in Ÿ5.3.4, and it
worked out to:

	 ARAP = I 2 � 2I 1 + 3.

Step 2: Take the invariant derivatives. Here we go:

@	 ARAP

@I1
= � 2

@2	 ARAP

@I21
= 0 (5.54)

@	 ARAP

@I2
= 1

@2	 ARAP

@I2
= 0 (5.55)

@	 ARAP

@I3
= 0

@2	 ARAP

@I23
= 0. (5.56)
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1 function [H] = ARAP_Hessian(F)
2 [U Sigma V] = svd_rv(F);
3

4 % get the twist modes
5 T0 = [0 -1 0; 1 0 0; 0 0 0];
6 T0 = (1 / sqrt (2)) * U * T0 * V';
7

8 T1 = [0 0 0; 0 0 1; 0 -1 0];
9 T1 = (1 / sqrt (2)) * U * T1 * V';

10

11 T2 = [0 0 1; 0 0 0; -1 0 0];
12 T2 = (1 / sqrt (2)) * U * T2 * V';
13

14 % get the flattened versions
15 t0 = vec(T0);
16 t1 = vec(T1);
17 t2 = vec(T2);
18

19 % get the singular values in an order that is consistent
20 % with the numbering in [Smith et al. 2019]
21 s0 = Sigma(1,1);
22 s1 = Sigma(2,2);
23 s2 = Sigma(3,3);
24

25 H = 2 * eye(9,9);
26 H = H - (4 / (s0 + s1)) * (t0 * t0 ');
27 H = H - (4 / (s1 + s2)) * (t1 * t1 ');
28 H = H - (4 / (s0 + s2)) * (t2 * t2 ');
29 end

Figure 5.10.: Matlab code to compute the exact Hessian of the ARAP energy in 3D. The
code for svd_rv is given in Fig. F.1.

This time it was easy. I didn't even have to go running to Mathematica for this one.

Step 3: Plug into the chain rule. Again but dropping everything with a zero coe�cient,
we get:

vec

 
@2	 ARAP

@F2

!

= 2 I 9� 9 � 2H 1.

FINALLY, A SIMPLE EXPRESSION. I ALWAYS KNEW YOU HAD IT IN YOU, ARAP.
The Matlab code to compute this is shown in Fig. 5.10.

5.5.3 Symmetric Dirichlet, the Smith et al. (2019) Way

Just to build some con�dence that this approach is indeed generic and we're not fooling
ourselves, let's try it out on an energy we haven't seen before, the Symmetric Dirichlet
energy from Smith and Schaefer (2015a):

	 Symmetric = kFk2
F + kF � 1k2

F . (5.57)
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Step 1: Rewrite using invariants. We're not quite on easy street with this energy. Is it
possible to write kF � 1k2 in terms of the invariants? Indeed it is, and just to keep things
moving along, I'm going to pull it in as an identity from Eqn. B.36. Then we get:

	 Symmetric = I 2 +
1
4

 
I 2

1 � I 2

I 3

!

� 2
I 1

I 3
. (5.58)

Step 2: Take the invariant derivatives. This part is tedious but straightforward. As
always, you can have Mathematica or Matlab do this part for you:

@	 Symmetric

@I1
=

1
I 3

�
I 1

2
� 2

�
@2	 Symmetric

@I21
=

1
2I 3

(5.59)

@	 Symmetric

@I2
= 1 �

1
4I 3

@2	 Symmetric

@I2
= 0 (5.60)

@	 Symmetric

@I3
=

1
(I 3)2

 

2I 1 �
I 2

1 � I 2
4

!
@2	 Symmetric

@I23
=

1
(I 3)3

 

� 4I 1 +
I 2

1 � I 2
2

!

.

(5.61)

Once again, I used Mathematica for this, just a minute ago. It's not cheating.

Step 3: Plug into the chain rule. It's not quiteas clean and pretty as the other energies:

vec

 
@2	 Symmetric

@F2

!

=
1

2I 3
g1gT

1 +
1
I 3

�
I 1

2
� 2

�
H 1 +

�
1 �

1
4I 3

�
H 2+

1
(I 3)3

 

� 4I 1 +
I 2

1 � I 2
2

!

g3gT
3 +

1
(I 3)2

 

2I 1 �
I 2

1 � I 2
4

!

H 3.

But, it worked, once we got past the kF � 1k2 hurdle. The system looks legit! You now
have a mechanical method for computing the Hessian of any isotropic energy. You need
to take some high-school-level derivatives, and maybe dig out a new identity during
Step 1. Otherwise, the process is close to automatic.
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Chapter 6

A Friendlier Neo-Hookean Energy

This chapter is loose retelling of Ÿ3 from Smith et al. (2018). If you want to cut to the
chase and see the �nal energy, it's in Ÿ6.3.3. It'snot the �nal energy listed in Smith et al.
(2018), but it is the one that is used internally at Pixar. More details appear in a footnote 9.

6.1 Cauchy-Green vs. Smith et al. (2019)

In the previous chapter, we found that the Cauchy-Green invariants, which have been
used extensively for the last 80 years, were not up to the task of generating energy
Hessians. ARAP's membership application to the Cauchy-Green Club was roundly
rejected, causing all sorts of problems. Instead, we built a new, more inclusive club for
ARAP: the invariants from Smith et al. (2019). Once ARAP stepped inside this new
clubhouse, the simple and elegant structure that had been living inside it all along was
�nally revealed.

This raises a question though: where have these more inclusive invariants been for
the last 80 years? Why did Mooney (1940) choose to use the unnecessarily restrictive
Cauchy-Green invariants? Unfortunately, we can't ask Melvin Mooney directly because
he passed away over 52 years ago. George Green has been gone for 179 years, and
Augustin-Louis Cauchy for 163, so they can't help either. Thus, we are left to speculate.
Having mulled this over for a while, I can think of two reasons.

6.1.1 Maybe Mooney Didn't Know About the Polar Decomposition

The Smith et al. (2019) invariants are based on the polar decomposition, which has
been known in math circles for more than a century. For example, Higham (1986) cites
Autonne (1902). However, it may not have been widely known in Mooney's immediate
physics and rheology communities in the 1940s.

Just 15 years earlier in 1925, Werner Heisenberg had not known about basic matrix
operations . While investigating quantum mechanics, he unknowingly re-derived basic
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linear algebraic identities, and did not make the connection until Max Born pointed it out
to him (Gribbin (2011), Chapter 6). At the time, Heisenberg was in Göttingen, Germany,
the epicenter of all math and science research, not the jerkwater nowheresville of Passaic,
New Jersey where Mooney was sitting. 1

Matrix notation had not even been standardized by 1940, and numerical methods were
still an extremely niche discipline. The hardware to run them did not exist yet, though
this would change a few years later when the Allies built massive machines to break
Nazi codes. Even if these machines had existed, standard methods for computing the
polar decomposition, such as those involving the SVD, would need techniques like
Golub-Kahan bidiagonalization (Golub and Kahan (1965)). These were still 25 years in
the future.

Thus, it would make sense that Mooney (1940) did not have the the polar decomposition
at his �ngertips. His paper does not list a single matrix, and is �rmly a work of analysis.

6.1.2 Maybe Mooney Didn't Care About Inversion

Alternatively, it is possible that Mooney did know about the polar decomposition, or some
analytic equivalent, and decided to ignore it. To see why, we should ask which physical
phenomena are captured by Smith et al. (2019) that are missing from Cauchy-Green, and
whether Mooney would have cared about them.

We saw a piece of this in Ÿ5.2.4 when I let you in on the secret that nobody actually
uses that weird-looking

p
III C term. Instead, everybody uses J . Later on in Ÿ5.3.3.2,

we saw J getting the recognition it deserves with a promotion to �rst-class invariant,
I 3 = J = det F.

As previously mentioned, this I 3 version preserves the sign of the determinant:

I 3 = � x � y � z (6.1)
p

III C =
q

� 2
x � 2

y � 2
z = j� x � y � z j. (6.2)

But then why does the Cauchy-Green version wrap the j � j around the whole thing? Why
is it so eager to throw away the sign?

A negative determinant signals that an element has inverted2. As shown in Fig. 6.1,
this happens if you squash a tetrahedron so hard that it pokes inside out. This sort
of con�guration is not possiblein nature, but due to the fact that we can numerically
represent phenomena that don't occur in nature 3, it can happen in the simulation.

1Down the road in Murray Hill, NJ, Bell Labs would become the epicenter soon enough.
2As far as I can tell, this use of the term inversioncomes from Irving et al. (2004), though they acknowledge

that the concept was observed earlier (Espinosa et al. (1998)). This creates an unfortunate nomenclature
collision with matrix inversion, which is a related but distinct phenomenon. Thinking of it instead as element
reversalor a backwards element, or the anatomically graphic prolapsed elementmay help here.

3Simulation could be viewed as coercing the computer into obeying the physics of our current universe,
instead of drifting into one of the myriad other ones that the math permits, but our physical laws do not.
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