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Figure 1: Left to right: 2D dynamic simulation using our method, surface parameterization, and the corresponding UV wireframe. We use
our analytic spatial eigenanalysis to develop fast and robust algorithms that can be applied to diverse elasticity problems.

Abstract
We present the first closed-form, per-element eigensystems for 2D deformation energies in the primary domain of spatial coor-
dinates. Previous analyses have only been able to find such eigensystems in proxy coordinates such as the deformation gradient,
but as the spatial positions directly correspond to global degrees of freedom, our analysis opens up avenues for novel algorithms
that were not possible before. First, we propose a spectral preconditioner that approximates global near-nullspace modes using
local analytical eigenvectors and clusters global eigenvalues using a low-rank correction. Second, we derive a unified projected
Newton formulation that combines the element eigensystem with the mass and damping terms, yielding a superior eigenvalue
filter. We test our preconditioner on surface parameterization problems and our projected Newton framework on dynamic sim-
ulation examples. The results show significant efficiency gains over previous methods. In particular, our physics-aware filtering
strategy reduces eigenvalue clamping by up to 30×, which in turn decreases the Newton iteration count by roughly 2×.

CCS Concepts
• Computing methodologies → Physical simulation; Mesh geometry models;

1. Introduction

The eigensystem that arises from an elastic energy’s Hessian can
reveal the exact geometric nature of the modes that an energy pro-
duces under deformation. Understanding this eigenstructure can
in turn have a variety of applications. Per-element analytic eigen-
systems have been derived for solid [SGK19], surface tension
[HGMRT20], shell [Kim20], collision penalty [SK23], and colli-
sion barrier [HCLK24] energies. In these cases, the goal is typically
to project an indefinite Hessian onto positive semi-definiteness
(PSD) within a Newton solver.

In a related line of inquiry, global eigensystems have been used
to construct deformation [BJ05], sound synthesis [VDDKP01], and
shape analysis [CBC∗25] subspaces. However, the coordinate sys-
tems of these two approaches are usually mismatched. The global
eigensystems are usually formulated, and numerically solved for, in
terms of spatial position, which correspond to eigenvectors whose
degrees of freedom match the vertex positions of the whole object.
In contrast, the per-element eigensystems have been shown to ad-
mit clean, closed-form solutions in a proximal deformation gradi-
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ent space, where intermediate Hessians for individual elements are
filtered before expanding back to the primary spatial coordinates.

Up until now, it has not been clear if there is a similarly clean per-
element eigensystem in the primary spatial coordinates. Determin-
ing if this is possible is the first step towards understanding the re-
lationship between the element-wise and global eigensystems. We
take that first step here, and show that there is such an eigensystem
for 2D deformation energies.

These results have two immediate applications. First, we use
them to construct a lightweight spectral preconditioner for con-
jugate gradients. Unlike methods such as multigrid [WLF∗20,
BHM00], additive Schwarz [WWW22] and incomplete Cholesky
[CSHD21] that rely on complex setups and problem-specific as-
sumptions, our preconditioner is easy to assemble and generally
applicable to ill-posed scenarios, while still achieving roughly 2-
4× speedups compared with those state-of-the-art methods and a
baseline Jacobi preconditioner.

Second, we show that our position-based formulation can better
preserve the structure of the original physical system under posi-
tive semi-definiteness (PSD) projection. Previous approaches were
limited to filtering the Hessian of various elastic potential energies
(stiffness matrix), but our spatial analysis allows us to see the com-
bined eigenstructure of the stiffness, mass, and damping matrices,
and filter accordingly.

We found that our strategy can filters up to 30× fewer eigen-
values, avoiding the overly conservative clampings of deforma-
tion gradient-based strategies. These reduced clampings better pre-
serve the structure of the underlying physics, resulting in a ∼ 2×
reduction in Newton iterations compared with previous methods
[CLL∗24] for dynamic simulation.

Our contributions are as follows:

• Closed-form eigensystems for a variety of 2D hyperelastic ener-
gies that can be efficiently computed at runtime.

• A spectral PCG preconditioner based on our eigenvectors.
• Improved projected Newton convergence through a unified treat-

ment of the stiffness, mass, and damping terms.
• Improved speed and robustness over recent preconditioning

[CSHD21, Dem19] and filtering [CLJ∗24, CLL∗24] strategies.

2. Related Works

This section provides a brief overview of elastic energy formula-
tions, optimization methods, and their applications in simulation
and surface parameterization.

Elastic Energy. The corotational elasticity model [CPSS10,
MZS∗11, MDM∗02, NKJF09] was introduced to improve ro-
bustness under large rotational deformations. In contrast, hy-
perelastic material models such as Neo-Hookean [SGK18] and
Saint Venant–Kirchhoff [PDA00] formulations have been widely
adopted to capture large deformations with higher physical fidelity.
Force-filtering approaches [ITF04, TSIF05] further improve visual
quality comparable to Neo-Hookean materials with additional user-
defined parameters. Analytic eigensystems have played a central
role in enabling efficient and stable optimization of these ener-
gies. McAdams et al. [MZS∗11] derived analytic eigenvalues for

corotational elasticity, while Smith et al. [SGK18] addressed a
customized Neo-Hookean energy. Subsequent work derived per-
element analytic eigensystems for a broad range of energies, in-
cluding solid elasticity [SGK19], surface tension [HGMRT20],
shell models [Kim20], collision penalty energies [SK23], colli-
sion barrier formulations [HCLK24], and isotropic ARAP mod-
els [LCK22], offering alternative treatments of as-rigid-as-possible
energies [SA07]. Related Hessian-modification ideas have also ap-
peared in Chen et al. [CW17], and one adaption [GSC18] examines
the spectrum of local spatial Hessians, albeit without a closed-form
analytical formulation.

Optimization Methods. The minimization of elastic energies
typically leads to nonlinear optimization problems. Projected New-
ton methods address this challenge by restoring the positive defi-
niteness of the Hessian to guarantee convergence to a local min-
imum. Common projection strategies include clamping negative
eigenvalues [TSIF05], diagonal regularization [FL16], or reflect-
ing negative eigenvalues to their absolute values [CLL∗24]. More
recently, Chen et al. [CLJ∗24] proposed an adaptive eigenvalue
filtering strategy that stabilizes the optimization of Neo-Hookean
energy and its variants within the Projected Newton framework.
Alternative optimization approaches include local–global meth-
ods [BML∗14], the Alternating Direction Method of Multipli-
ers (ADMM) [OBLN17], Chebyshev extrapolation [Wan15], L-
BFGS [LBK17], and multigrid methods [LYL∗25]. Excellent
overviews [SB12, KE22] are available.

Surface Parameterization. Surface parameterization seeks to
flatten a 3D surface onto the plane while minimizing elastic
distortion [FH05]. Numerous distortion-optimization techniques
have been proposed, including Most-Isometric Parameterizations
(MIPS) [HG99, FLG15], the local–global approach [LZX∗08],
Accelerated Quadratic Proxy (AQP) [KGL16], locally injective
mapping [RPPSH17, SKPSH13], convex second-order approx-
imations [SPSH∗17], Progressive Parameterizations [LYNF18],
and Blended Cured Quasi-Newton (BCQN) [ZBK18]. These pa-
rameterizations are often guided by cross- or frame-field direc-
tions [VCD∗17,KNP07] for applications such as mesh quadrangu-
lation [JTPSH15]. While line search, barrier functions, and related
strategies allow efficient processing of large meshes and tolerate
imperfect initial solutions, the final quality remains sensitive to ini-
tial injectivity, mesh structure, and boundary conditions. Compre-
hensive surveys [FH05] are again available.

3. Position-Based Eigenanalysis

In this section, we derive closed-form analytical eigensystems of
energy Hessians with respect to vertex positions. The majority of
common isotropic deformation energies can be written in scalar
invariants that are functions of singular values of the deformation
gradient F. We will be using the invariants of Smith et al. [SGK19]:

I1 = trS, I2 = ∥S∥2, I3 = detS (1)

Where S comes from the polar decomposition F = RS, I1 and I2
measure shape stretching and distortion, and I3 tracks volume. Only
two out of the three invariants are independent in 2D, and the rela-
tionship between the three is given by:

I2
1 = I2 +2I3 (2)
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However, in later derivations we will show that the three-invariant
style allows us to more cleanly locate a closed-form solution.

It is known that the deformation gradient-based Hessians of the
three invariants have eigenvectors that align with each other and
are sparse under the SVD frame of F. However, our analysis shows
that, unlike in F space, in spatial coordinates the spectra of different
invariant Hessians are coupled differently.

Therefore, we will separate the eigenanalysis into two cases:
shape distortion-based energies Ψ(I1, I2) and volume preservation-
based energies Ψ(I2, I3). The three-invariant style allows us to sep-
arate into these two cases. In 2D, Ψ(I2, I3) directly penalizes local
area change, while Ψ(I1, I2) can exhibit less lateral contraction un-
der stretching. We are then able to study the coupling between the
quadratic stretching invariant I2 and the other two invariants sepa-
rately, resulting in cleaner matrix structures. We can further utilize
the fact that most elastic energies are linear to I2 to reveal further
sparsity in the corresponding Hessians. We will walk through the
intuition behind the derivation that reduces the eigenproblems to
clean, low-rank forms.

3.1. Background and Formulation

We will focus our analysis on 2D. We represent vectors by bold
lowercase letters and matrices by bold capital letters. Matrices and
their flattened vector forms will be denoted by the same letter. Let
the matrix of vertex positions for one triangle be X = [x0|x1|x2] ∈
R2×3 and its rest position matrix be X̄. The deformation gradient
is defined as F = ∂X/∂X̄. The relationship between the deformation
gradient and the vertex positions can be written as:

C =

[
−1 1 0
−1 0 1

]
Ds = XC⊤ Dm = X̄C⊤ (3)

D = D−⊤
m C ∈ R2×3 F = DsD−1

m = XD⊤ (4)

For clarity, we will perform our analysis using matrix and vector
forms rather than tensor forms. By the chain rule, the energy Hes-
sian with respect to positions x is:

H =
∂

2
Ψ

∂x2 =

(
∂f
∂x

)⊤
∂

2
Ψ

∂f2

(
∂f
∂x

)
= G⊤HfG G = D⊗ I2 (5)

where f = vec(F), I2 is the 2 by 2 identity matrix, Hf ∈R4×4 is the
F-based Hessian and G ∈ R4×6. The ⊗ is the Kronecker product,
which for A ∈ R2×2 and B ∈ R2×2 is defined as

A =

[
a11 a12
a21 a22

]
, A⊗B =

[
a11B a12B
a21B a22B

]
.

Previous work focused on the eigenanalysis of the matrix Hf,
which can be computed using the invariants:

Hf =
3

∑
i=1

(
∂

2
Ψ

∂I2
i

(
∂Ii

∂f

)(
∂Ii

∂f

)⊤
+

∂Ψ

∂Ii

∂
2Ii

∂f2

)

+ ∑
i< j

(
∂

2
Ψ

∂Ii∂I j

(
∂Ii

∂f

)(
∂I j

∂f

))
. (6)

However, because G is not orthonormal, there is no simple rela-
tionship between the eigensystems of H and Hf, so the spatial eige-
nanalysis must start from scratch.

The second term from Eq. 6 is a cross-derivative between invari-
ants, which we omit because they evaluate to zero in the energies
we will examine. Plugging Hf into Eq. 5 then yields:

H = G⊤
(

3

∑
i=1

∂
2
Ψ

∂I2
i

(
∂Ii

∂f

)(
∂Ii

∂f

)⊤
+

∂Ψ

∂Ii

∂
2Ii

∂f2

)
G. (7)

The first term is a rank-1 outer product, where each matrix entry
is the product of one component from each vector, and the second
term is the invariant Hessian. For compactness, we denote the scalar
derivatives as αi = ∂

2
Ψ/∂I2

i , βi = ∂Ψ/∂Ii. The singular value decom-
positions of F and D are denoted as F = UΣV and D = UDΣDVD.
The singular values of F are then σ0,σ1 and those of D are τ0,τ1.
Since D only depends on the rest positions, its SVD can be pre-
computed at the rest state. For convenience, we will be applying a
thin SVD on D such that ΣD ∈ R2×2 and VD ∈ R3×2.

Finally, G is a rectangular matrix with a rank-2 null space that
represents the translation modes, from which we can extract the
first two trivial eigenpairs:

q0 =
[
1 0 1 0 1 0

]⊤
λ0 = 0

q1 =
[
0 1 0 1 0 1

]⊤
λ1 = 0. (8)

3.2. Eigensystem of Shape Distortion-Based Energies

3.2.1. Derivation

Energies that focus on shape distortion, such as ARAP [SA07] and
co-rotational [MZS∗11], can be expressed in terms of Ψ(I1, I2). We
further assume that the energy depends linearly on I2, which im-
plies that it is quadratic in stretching and α2 = 0. This assumption
also prohibits us from using only two invariants. For example, in
ARAP, using Eq. 2 to eliminate I1, we obtain

ΨARAP = I2−2I1 +2 = I2−2
√

I2 +2I3 +2 (9)

However, the dependency on I2 now becomes nonlinear and unnec-
essarily complicates the structure of the derivatives.

Plugging in these constraints and applying the identity (A⊗
B)vec(X) = vec(BXA⊤), Eq. 7 expands to:

H = α1vec(UV⊤D)vec(UV⊤D)⊤

+ γ1vec(UTV⊤D)vec(UTV⊤D)⊤+2β2(D
⊤D⊗ I2) (10)

T =

[
0 1
−1 0

]
σ = σ0 +σ1 γ1 =

β1
σ

(11)

H is a dense 6× 6 matrix, but we can sparsify it by rotating it into
the I1 frame from the first term:

Ĥ = (VD⊗UV⊤UD)
⊤H(VD⊗UV⊤UD)

= α1vec(ΣD)vec(ΣD)
⊤+ γ1vec(TΣD)vec(TΣD)

⊤

+2β2(Σ
⊤
D ΣD⊗ I2) (12)

Applying the VD frame removes the translation modes, yielding a
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sparse 4×4 matrix:

Ĥ=


(α1 +2β2)τ

2
0 0 0 α1τ0τ1

0 (γ1 +2β2)τ
2
0 −γ1τ0τ1 0

0 −γ1τ0τ1 (γ1 +2β2)τ
2
1 0

α1τ0τ1 0 0 (α1 +2β2)τ
2
1


This matrix is block-diagonal up to permutation, and each 2× 2
block can be solved analytically. The four eigenpairs of Ĥ are then:

λ2,3 =
1
2

(
(γ1 +2β2)τ

2 ±
√

(γ1 +2β2)2τ4−16β2(γ1 +β2)τ
2
0τ2

1

)
P2,3 =

[
0 (γ1 +2β2)τ

2
0−λ2,3

γ1τ0τ1 0

]
(13)

λ4,5 =
1
2

(
(α1 +2β2)τ

2 ±
√
(α1 +2β2)2τ4−16β2(α1 +β2)τ

2
0τ2

1

)
P4,5 =

[
−α1τ0τ1 0

0 (α1 +2β2)τ
2
0−λ4,5

]
(14)

We denote τ
2 = τ

2
0 + τ

2
1, and the eigenvectors are shown in non-

normalized form.

For the case of ARAP, plugging in α1 = 0,β1 = −2,β2 = 1
yields particularly compact expressions:

P2,3 =

[
0 2

(
1− 1

σ

)
τ

2
0−λ2,3

− 2τ0τ1
σ

0

]

λ2,3 =

(
1− 1

σ

)
τ

2±

√(
1− 1

σ

)2

τ4−4(1− 2
σ
)τ2

0τ2
1)

P4 =

[
1 0
0 0

]
λ4 = 2τ

2
0 P5 =

[
0 0
0 1

]
λ5 = 2τ

2
1 (15)

The final eigenvectors of H can be obtained by rotating P∗ back
into the original frame based on Eq. 12:

Qi = UV⊤UDPiV⊤
D i = 2,3,4,5 (16)

The indices start from 2 in order to skip the the first two translation
eigenmodes from Eq. 8.

3.2.2. Discussion and Definiteness

From these expressions, we can see that P4 and P5 are the scaling
modes that align with the direction of the local force, while P2 and
P3 align orthogonally. This is similar to the F-based eigensystem
in Smith et al. [SGK19], where the force frame coincides with the
SVD frame of F. The general expressions from Eq. 13 and 14 also
show that the eigenmodes are scaled by the rest state singular values
τ0 and τ1 in different directions, instead of matching the principal
directions as in the F-based analysis.

Many elastic energies are known to go indefinite when an ele-
ment is compressed, which is usually related to buckling [SGK19,
WK23]. Examining the expressions, we see that λ2 is always pos-
itive and λ3 becomes negative when β2(γ1 +β2) < 0. Since β2 =
∂Ψ/∂I2 roughly represents the stretching stiffness, it usually holds
that β2 > 0, so λ3 < 0 when β2 <−β1/σ0+σ1. For ARAP, that trans-
lates to σ0 +σ1 < 2, which is when the element is compressed. In
λ4,5, the sign of α1 + β2 depends only on the formulation of the

energy. For ARAP and related energies, λ4,5 of the scaling modes
are always positive. This is consistent with the F-based case as well
as Sylvester’s law of inertia, given that Ĥ and Hf are congruent for
non-degenerate rest triangles.

3.3. Eigensystem of Volume Preservation-Based Energies

3.3.1. Derivation

Elastic energies like Stable Neo-Hookean (SNH) [SGK18] can be
expressed by a function Ψ(I2, I3) in 2D, while energies like Sym-
metric Dirichlet [SS15] and MIPS [HG99] contain cross-invariant
terms that fall outside the scope of our analysis. For example, the
MIPS energy is ΨMIPS = I2/I3, producing a ∂

2
Ψ/∂Ii∂I j ̸= 0 term back

into Eqn. 6 that must be accounted for.

Similar to §3.1, we assume that α2 = 0 for energies with low-
order stretching. The Hessian from Eq. 7 is:

H = α3g3g⊤3 +(D⊤⊗ I2)(β2H2 +β3H3)(D⊗ I2) (17)

where g3 is the gradient of I3 w.r.t. x, while H2 and H3 are Hessians
of I2 and I3 w.r.t. f. They are given by H2 = 2I4 and

g3 = vec
(

adj(F)⊤D
)

H3 =


0 0 0 1
0 0 −1 0
0 −1 0 0
1 0 0 0

 (18)

where adj(F) is the adjoint matrix of F. We then apply the following
transformation to sparsify H while removing the translation modes:

Ĥ = (V⊤
D ⊗ I2)H(VD⊗ I2)

= α3hh⊤+(Σ⊤
D ⊗ I2)(β2H2 +β3H3)(ΣD⊗ I2) (19)

where h = vec
(

adj(F)⊤UDΣD

)
. The second term of Eq. 19 is

2β2τ
2
0 0 0 β3τ0τ1

0 2β2τ
2
0 −β3τ0τ1 0

0 −β3τ0τ1 2β2τ
2
1 0

β3τ0τ1 0 0 2β2τ
2
1

 , (20)

which can be permuted into a sparse block-diagonal matrix where
the two diagonal blocks share the same two eigenvalues. The eigen-
pairs of the matrix are then:

λ± = β2τ
2±
√

β2
2τ4− (4β2

2−β2
3)τ

2
0τ2

1 (21)

P2,3 =
1

n±

[
0 λ±−2β2τ

2
0

−β3τ0τ1 0

]
(22)

P4,5 =
1

n±

[
β3τ0τ1 0

0 λ±−2β2τ
2
0

]
(23)

n± =

√(
λ±−2β2τ2

0
)2

+β2
3τ2

0τ2
1 (24)

For convenience, we normalize P using n±. Due to eigenvalue mul-
tiplicity, the eigenvectors can be chosen freely from the rank-2 sub-
spaces spanned by P2,P4 or P3,P5 respectively corresponding to
λ+ and λ− . Therefore, we are able to choose one eigenvector from
each subspace that is orthogonal to h. Defining the projection of h
on the above four eigenvectors as κi = h⊤vec(Pi), i = 2,3,4,5, we
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can construct two new eigenvectors orthogonal to h:

P̂2 =
κ4P2−κ2P4

κ24
P̂3 =

κ5P3−κ3P5
κ35

(25)

κ24 =
√

κ2
2 +κ2

4, κ35 =
√

κ2
3 +κ2

5 (26)

P̂2 and P̂3 are not affected by the rank-1 update of the first term in
Eq. 19, so they are already eigenvectors of Ĥ. The remaining two
eigenvectors live in the orthogonal complement of P̂2 and P̂3, and
we have found that a convenient basis is:

Y =
[
vec
(

κ2P2+κ4P4
κ24

)
| vec

(
κ3P3+κ5P5

κ35

)]
. (27)

By restricting Ĥ to this subspace,

Y⊤ĤY =

[
λ++α3κ

2
24 α3κ24κ35

α3κ24κ35 λ−+α3κ
2
35

]
(28)

we can solve the 2D problem to yield the updated eigenvalues:

η± =
(

β2τ
2 +

α3
2
∥h∥2

)
±
(√

(β2τ2 +
α3
2
∥h∥2)2−

(
(4β2

2−β2
3)τ2

1τ2
2 +ω

))
ω = α3(λ−κ

2
24 +λ+κ

2
35). (29)

The red terms are added by the rank-1 perturbation along h, com-
pared with λ± from Eq. 21. The corresponding eigenvectors are:

P̂4,5 = Y
[
−α3κ24κ35

λ++α3κ
2
24−η±

]
(30)

Applying the rotation back, we have the final eigenpairs of H:

Qi = P̂iV⊤
D i = 2,3,4,5 (31)

λ2 = λ+ λ3 = λ− λ4 = η+ λ5 = η− (32)

3.3.2. Discussion and Definiteness

Similar to the eigensystem of Ψ(I1, I2), we again have two eigen-
vectors orthogonal to the gradient. But for Ψ(I2, I3) the eigenvec-
tors do not conveniently become sparse in the SVD frame of h.

By Eq. 21, λ− turns negative when 4β
2
2 < β

2
3. For SNH, we have:

α3 = λ β2 =
µ
2

β3 = λ

(
I3−1− µ

λ

)
(33)

Where µ and λ are the Lamé parameters, EY is Young’s modulus
Poisson’s ratio is ν. In this case, the condition for λ− < 0 is I3 < 1
or I3 > 1+ (1−2ν)/ν, which is when the volume is compressed or
stretched beyond a threshold. For the eigenpairs along the gradient
direction h from Eq. 29, they are less likely to go negative because
of the added ω, which matches the intuition that stretching modes
are safer.

4. Application to Numerical Solvers

4.1. Preliminaries

Elasticity can be described by a constrained energy minimization:

v = argmin
v

E(v) s.t. c(v) = 0 (34)

where v is the vertex positions, E(v) is the objective function that
incorporates potentials like elasticity, inertia, and externalities, and
c(v) is a function that includes kinematic or contact constraints.
Since E(v) is nonlinear for most elastic energies, Newton’s method
is a popular solution approach. An unconstrained and linearized
formulation with dynamics at each Newton step can be given by:(

1
∆t2 M+

1
∆t

C+K(v)
)

∆v =−Mv̈+φint +φext−Cv̇ (35)

where M is the mass matrix, C is the non-linear Rayleigh damping
matrix, and φext is the external force. Given the elastic energy Ψ(v),
K =∇2

Ψ(v) is the global stiffness matrix and φint = −∇Ψ(v) is
the internal force. Fixed vertices and rigid-body contacts can be
added using constraint filtering [BW98]. We denote left-hand side
system matrix as A, and the right-hand side target as b.

For each Newton step, PCG is one of the most commonly used
linear system solvers, but its convergence is only guaranteed when
the matrix is semi-positive definite (SPD). Using the analytical ex-
pressions from the previous section, we can employ the new spatial
eigensystems in lieu of F-based projection.

Since the spatial per-element Hessians are directly added into the
global matrix, the local eigenvectors directly correspond to global
degrees of freedom (DoF). We will show that this property can be
exploited to integrate local stiffness-matrix eigensystems with other
terms in the system matrix or in the global spectrum, and to con-
struct lightweight algorithms that accelerate the solver.

4.2. A Spectral Preconditioner for PCG

In a problem with n vertices and m elements, suppose the dimension
is d, and the element size is s. Given a linear system Av = b and a
preconditioner matrix B with dn degrees of freedom, PCG solves
for B−1Av = B−1b. The convergence rate of PCG is governed by
the condition number of A, and a well-tailored preconditioner can
significantly reduce the number of iterations. We propose a novel
spectral preconditioner that can be readily integrated with our ana-
lytic eigensystem.

4.2.1. Spectral Preconditioning via Low-Rank Update

We base our method on the classical spectral preconditioners via
low-rank update [CDG03], as they generally and tolerate inexact
eigenvectors. The inverse of the preconditioner can be written as:

B−1 = B−1
0 +Z(N−1−Z⊤B−1

0 Z)Z⊤ N = Z⊤AZ (36)

where B0 is a base conditioner. Z∈Rdn×k is the approximate basis
of k eigenvectors with the lowest eigenvalues. This preconditioner
enforces a prescribed inverse on the subspace spanned by the basis
Z. The low-eigenvalue modes that ruin the conditioning are iso-
lated and handled explicitly by precomputing the low-dimensional
inverse of N. In other directions, it will behave like the base pre-
conditioner B0.

4.2.2. Global Eigenvector Estimation

Spectral preconditioners reach high efficiency when they well-
approximate the global spectrum, but have been less popular in
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graphics because of the high cost of computing a global numeri-
cal eigendecomposition. Our analysis gives abundant information
on local structures, which we now aim to map them to the global
space.

Let the eigenvector matrix of the per-element Hessian for the i-th
element be Γi ∈Rds×ds and its j-th column be qi

j. Let Ji ∈Rdn×ds

be the scatter matrix with binary entries that maps local vectors of
element i to the corresponding global DoFs. Without loss of gener-
ality, we assume that there exists a mapping from the collection of
local eigenvectors to the smallest eigenvalue basis Z:

Z=
Φ({Γi}) i = 1,2,3, · · · ,m (37)

Φ is highly non-linear, with no known closed-form expression.
Since we are estimating Z, we can approximate Φ using a linear
operator. Grouping by element, we formulate the approximation:

Z≈ Z̃ = S
m

∑
i=1

JiLi(ΓiΩi) (38)

where Ωi ∈ Rds×k is the main linear mapping matrix. The k
columns of (ΓiΩi) are the local contribution of the i-th element to
the k lowest eigenvalue vectors in Z. Each column is a linear com-
bination of the local eigenvectors {qi

j}
ds−1
i=0 with coefficients given

by the column of Ωi. Before adding to global entries by applying
Ji, Li is a diagonal matrix that weights the vertex-wise contribution
per local DoF. S is the standard matrix [AB03] of constraint filters.

Our task now is to estimate the coefficients from Li and Ωi to ap-
proximate the global eigenvectors Z from the local q j

i . In practice,
we perform one numerical eigensolve using an iterative eigensolver
to obtain Z0 at the beginning of the first Newton step or at the initial
state. Next, we compute the coefficients of Ωi by first extracting the
local contribution directly using the constant scatter matrix Ji and
subsequently projecting it to the local eigenspace using Γi:

Ωi = Γ
⊤
i J⊤i Z0 (39)

Because of overlaps between elements, we average the contribu-
tions by vertex degree before summing. This ensures that Z0 can
be recovered exactly, and global translations will only be com-
posed of local translation modes. Specifically, let the vector of
vertex degrees be ξ ∈ Rdn, where the value of one vertex is re-
peated across the d dimensions. We define the local weight matrix
as Li = (Ji)

⊤diag(ξ)−1Ji. Plugging into Eq. 38 gives:

Z̃ = diag(ξ)−1S
m

∑
i=1

Ji(ΓiΩi) (40)

This is evaluated at each Newton step with the updated local eigen-
vectors Γi. Following that, Z̃ can be optionally orthonormalized.
Finally, we plug Z̃ into Eq. 36 to set up the preconditioner B. This
completes our preconditioner design.

4.3. A Unified Projected Newton

Next we will design an improved filtering method for dynamics
simulations. Expanding the non-linear damping and stiffness term

from Eq. 35, the system matrix of a Newton step is:

A =

(
1

∆t2 +
αdamp

∆t

)
M+

βdamp

∆t
K(v)+K(v) (41)

K(v) =
m

∑
i=1
AiJiHi(v)J⊤i =

m

∑
i=1
AiJiG⊤

i (Hf)iGiJ⊤i (42)

where αdamp and βdamp are the Rayleigh damping coefficients and
Ai is the rest volume of element i. Projected Newton’s method
seeks ways to project the stiffness matrix K(v) to the SPD space.
Some strategies filter the eigenvalues of the per-element F-based
Hessian Hf by either clamping them to zero [TSIF05] or taking
their absolute values [CLL∗24]. These methods often lead to un-
necessary filtering, because they are not able to account for the reg-
ularization introduced by the mass and damping matrices. Projec-
tion using the global spectrum would also be theoretically closer to
optimal, but would require an extremely costly computation.

We make the common lumped mass assumption that yields a
diagonal matrix that accumulates element mass at each vertex. Ex-
panding and combining M and K(v) gives:

A =

(
1

∆t2 +
αdamp

∆t

) m

∑
i=1

Ji
ρAi

s
IdsJ

⊤
i +

m

∑
i=1

(
1+

βdamp

∆t

)
AiJiHiJ⊤i

=
m

∑
i=1

(
1+

βdamp

∆t

)
AiJi (ωIds +Hi)J⊤i

ω =
ρ
(
1+αdamp∆t

)
s∆t
(
∆t +βdamp

) (43)

where Ids is an identity matrix the size of the local DoFs ds and ρ is
the material density. Given the eigendecomposition Hi = ΓiΛiΓ

⊤
i ,

the eigensystem of the middle term (ωIds +Hi) has the same eigen-
decomposition except that the eigenvalues are shifted by a positive
offset ω. This is not achievable by the F based analysis on Hf due
to the non-orthonormal Gi.

Using our spatial eigenanalysis, we can now filter the combined
stiffness, mass, and damping terms simultaneously. Instead of filter-
ing the negative eigenvalues during the assembly of K, we propose
a new strategy that filters them with respect to ω. For each element,
we filter according to:

λi =

{
λi, λi ≥−ω

−ω, λi <−ω
(44)

We show in §5 that this strategy substantially reduces the number
of local eigenpair filters required, leading to a filtered matrix that
is substantially closer to the original matrix, leading to improved
stability, convergence, and performance of Projected Newton.

5. Implementation and Results

5.1. Implementation Details

The pseudo code for our pipeline is in Alg. 1. We use our spatial
eigenanalysis from §3 and filtering strategy from Eq.44 to build
the local Hessians, where the clamping threshold ω is a constant
computed by Eq. 43. The SVD of D can be pre-computed at mesh
initialization, as well as the vertex degree vector ξ.

We also validate and compare our analytical eigensystems
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Algorithm 1: Newton Solver with Spectral Preconditioner

while step < maxStep and residual > tolerance do
// System assembly

1 {Hi,Γi}← computeLocalClampedHessian(ω)
2 K← assembleGlobalStiffnessFromLocal({Hi})
3 A,b← buildSystem()
4 B0← buildBasePreconditioner(A)

// Preconditioner construction
5 if step == 0 then
6 Z0← numericalGlobalEigensolve()
7 Z← Z0, Ωi← Γ

⊤
i J⊤i Z0

8 end
9 else

10 Z← diag(ξ)−1S∑
m
i=1 Ji(ΓiΩi)

11 end
12 PCGSolver.buildSpectralPreconditioner(Z,B0,A)

// Linear solve
13 PCGSolver.solve(A, b)
14 updateResidual()
15 step← step+1

end

against 6×6 numerical eigensolves. While our preconditioner and
projected Newton strategy can be applied in the absence of ana-
lytical eigensystems, our experiments show that our analytical ap-
proach is roughly 4× faster than a direct numerical eigendecom-
position, and significantly reduces system assembly time.

At the first Newton step, we use the shift-invert solver
Spectra::SparseSymShiftSolve [QGN15] to compute
the eigenvectors with the smallest k = 13 eigenvalues. Multipli-
cations with scatter matrices Ji are done implicitly by visiting the
entries specified by the vertex indices of each element in the global
matrix. When constructing the preconditioner matrix B, Eq. 36
should never be evaluated explicitly, as it involves dense matrix
multiplication and an inverse. Instead, we store Z and B−1

0 . De-
pending on the type of the base preconditioner, B−1

0 might also
be stored implicitly. The inverse of the system matrix A on the de-
flated basis N−1 can be stored as its Cholesky factorization. During
each PCG iteration, B−1 is applied per-component with the resid-
ual vector from right to left, avoiding a dense multiplication. Since
these operations are repeated at each PCG iteration, keeping them
optimized and minimal can significantly improve efficiency.

5.2. Parameterization

Surface parameterization provides a representative quasi-static 2D
elasticity benchmark to evaluate our spectral preconditioner.

5.2.1. Setup

We solve single-patch, free-boundary parameterization problems
with an open boundary or a given cut. To initialize the Dm ma-
trices, we construct a local two-dimensional reference frame em-
bedded in R3. The edge vectors are then projected onto this local
tangent basis to form Dm ∈ ℜ2×2, which encodes the geometry in

(a) Bust, 72k Faces (b) Building, 204k Faces (c) Bear, 516k Faces

Figure 2: Surface parameterization results using our method. The
top line shows the textured 3D meshes with our computed UV. The
middle line shows the planar UV distribution of our output, and the
third line shows the initial guess obtained from harmonic parame-
terization. The number of faces increases from left to right. The left
two models are from the Thingi10K dataset [ZJ16]

the local intrinsic metric. The 2D vertex positions are initialized
using harmonic parameterization with the boundary projected to a
circle. To solve with zero-inertia and a free boundary, we remove
the matrix null space by fixing three arbitrary degrees of freedom.
In our examples, we use ARAP for the energy minimization and
2×2 block-Jacobi as the base preconditioner B0.

5.2.2. Results and Comparison

We evaluate our method on three meshes exhibiting features such
as irregular triangle distributions and ill-conditioned elements. The
results are visualized in Fig. 2, where our method converged to low-
deformation configurations. The pre-convergence middle steps are
shown in the supplementary video. Local-global methods are also
a popular elasticity solver [LZX∗08], so we show the comparison
between our Newton solver and the libigl implementation of the
local-global-based ARAP solver on the example in Fig. 3. Even
given twice the runtime, the local-global solver struggles to con-
verge. This is expected given the mesh’s large, ill-conditioned re-
gion, as local-global solvers are known to perform poorly on ir-
regular meshes and are particularly vulnerable to inverted elements
that can spread instability. In contrast, our method robustly solves
a global non-linear energy minimization problem. More advanced
parameterization frameworks such as Progressive Parameteriza-
tions [LYNF18] and Composite Majorization [SPSH∗17] can im-
prove robustness through continuation strategies or surrogate ma-
jorization. As our parameterization examples are intended as a test
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Ours Block-Jacobi AMGCL
Precomp. Construct Total Time (s) Our Speedup Time (s) Our Speedup

Bust 8.6% 2.3% 11.5s 24.7 2.15× 34.3 2.98×
Building 6.5% 1.9% 47.9s 152.2 3.18× 181.2 3.78×
Bear 5.4% 1.5% 390.0s 870.2 2.23× 1023.9 2.63×

Table 1: Wall-clock timings of our method, Block-Jacobi, and AMGCL. Precomp.: one-time global numerical eigensolve for Z0 and Ωi
fitting. Construct: total preconditioner construction time over all Newton steps. Both are presented as a total runtime percentage of our’s
method. Our Speedup: other methods’ runtime divided by our runtime..

(a) Mesh
wireframe

(b) Initial guess (c) Ours, 11.5s
(d) Local-global,

21.9s

Figure 3: Comparison with local-global ARAP. The leftmost wire-
frame shows the irregular triangles on the back. The initial guess is
obtained via a harmonic parameterization. The local-global solver
failed to converge, even when given almost twice the time.

bed for our Newton solver, we do not compare our visual results
against these alternative strategies.

We numerically compute the exact Z at each Newton step and
compute the relative error of the subspace e = ∥Z̃Z̃⊤−ZZ⊤∥/∥ZZ⊤∥.
In our examples, e≈ 0.3, which is expected since our basis is more
aware of the local-spectrum than the global eigenspace. For pre-
conditioning, the basis is only intended to provide low-rank correc-
tions, and our experiments show that it effectively reduces the the
system matrix’s condition number by ∼ 100×.

We compare against other preconditioners in Figs. 4 and 5 us-
ing the base preconditioner B0 of Block-Jacobi, and the algebraic
multigrid preconditioner from AMGCL [Dem19]. We use the true
residual for both the convergence criteria and the plots. The PCG
tolerance and Newton relative tolerance were set to 1e−5. The
residual with our preconditioner decreases steadily on a logarith-
mic scale, whereas the block-Jacobi method stagnates and fluctu-
ates. The right column shows that even beyond the initial Newton
step, where the low-eigenvalue basis Z is computed accurately us-
ing a numerical solver, the performance gain with our estimated
eigenbasis persists.

AMGCL exhibits a convergence rate similar to that of our
method. However, shown in Table 1, the wall-clock time of
AMGCL is slower than even block-Jacobi due to the overhead of
applying the preconditioner. This is likely because AMG methods

rely on elliptic PDE properties, such as strong local coupling and
smooth errors, which may not hold in parameterization problems.
Using AMGCL as the base preconditioner B0 is also infeasible, as
applying it will dominate the runtime. By comparison, our algo-
rithm is efficient and more lightweight.

We also ran our examples with a recent incomplete Cholesky
(IC) preconditioner [CSHD21], but it failed due to repeated pivot
breakdowns at supernodes during the factorization stage. This is
a well-known limitation of IC preconditioners under large de-
formations [CSHD21, GVL13], and further underscores that our
method does not depend on problem-specific assumptions or well-
conditioned spatial structures.

Overall, we observed a more than 2× reduction in total run-
time compared with block-Jacobi and a 2×-3× reduction com-
pared with AMGCL.

5.3. Dynamic Simulation

We test our unified projected Newton method on a dynamic simu-
lation example with a hairy ball and a square with holes (cheese)
dropped onto obstacles. Fig. 6 shows the intricate structure of the
meshes. The thin triangles and the wide range of element sizes
make the system matrices ill-conditioned enough to stress test our
solver. We use ARAP and stable Neo-Hookean (SNH) on a fixed
time-step Newton solver with a tolerance of 1e−10 and ∆t = 1/30s.
The material density ρ is set to 1.0 and the damping parameters are
αdamp = βdamp = 1e−3. We use material parameters EY = 100,ν =
0.45 and solve with 8 substeps for ARAP and 20 for SNH on the
hairy ball example. On the cheese example, we use substeps = 2,
EY = 100 for ARAP and substeps = 5, EY = 50 for SNH. Poisson’s
ratio is set to 0.48. We choose these parameters to balance compu-
tational efficiency and visual quality while producing sufficiently
challenging test cases for our solver. Kinematic collisions are im-
plemented using constraint filtering [BW98], and self-collisions are
turned off. The results are compared with F-based projection, using
both the clamp-to-0 [TSIF05] and absolute value [CLL∗24] filter-
ing strategy.

In Fig. 7c, our eigenvalue clamping rule (Eq. 44) filters much
fewer negative eigenvalues compared to the F-based method with
up to 30× reductions. This indicates that the traditional F-based fil-
tering can introduce substantial deviations from the original physics
that, in the end, do not contribute to solver stability. Our projected
system matrix is much closer to the original matrix, which can im-
prove Newton convergence by roughly 2× (Fig. 7a).

In the first few frames, the models fall under gravity nearly un-
deformed. Our position-based unified clamping strategy especially
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Figure 4: PCG convergence curves on surface parameterization examples of a bust, building, and bear. Convergence in shown for a single
Newton step, where the residual is defined as ∥Av−b∥/∥b∥. Even when AMGCL converges faster, because its overhead is higher, our approach
is more than twice as fast.

Figure 5: PCG iteration counts on surface parameterization examples of a bust, building, and bear. Similar to Fig. 4, even when AMGCL has
lower iteration counts, because its overhead is higher, our approach is more than twice as fast.

outperforms the F-base under severe and nonuniform deforma-
tion. The advantage is more prominent on more non-linear energy,
such as SNH, and more complicated geometries, such as the hairy
ball. As the condition number of the system matrix increases, the
clamped eigenvalue count is up to orders of magnitude smaller than
F-based. We selected one time step in Fig. 7b that shows the su-
perior convergence of our method. Table 2 shows the total solver
speedup.

Absolute value filtering resulted in slower performance than the
baseline clamp-to-0 method. This is expected because the method
[CLL∗24] is designed for quasi-statics, whereas we are simulating
dynamics. Our performance persists even when averaged over all
time frames. The animations are in the supplementary video.

6. Conclusions and Future Work

We have shown analytic spatial eigensystems can be obtained for a
variety of 2D elastic energies. We use this system to design a fast
spectral preconditioner for PCG, and a robust projected Newton
approach. The results on parameterization and 2D dynamic simu-
lation present consistent performance improvements. We provide
only closed-form results in 2D, and generalizing to 3D is left to fu-
ture work. Our analysis also assumes that the energy is linear in I2
and contains no cross-invariant terms, but extending it to the non-
linear regime would allow this approach to be applied to Mooney-
Rivlin [Moo40, Riv48], Arruda-Boyce [AB93], Symmetric Dirich-
let [SS15], and MIPS [HG99] energies.

Finally, with per-element spatial eigensystems in hand, we can
begin asking how they relate to the global spatial eigensystem.

References
[AB93] ARRUDA E. M., BOYCE M. C.: A three-dimensional consti-

tutive model for the large stretch behavior of rubber elastic materials.
Journal of the Mechanics and Physics of Solids 41, 2 (1993), 389–412.
9

[AB03] ASCHER U. M., BOXERMAN E.: On the modified conjugate
gradient method in cloth simulation. The Visual Computer 19, 7 (2003),
526–531. 6

[BHM00] BRIGGS W. L., HENSON V. E., MCCORMICK S. F.: A multi-
grid tutorial. SIAM, 2000. 2
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Figure 7: Dynamic simulation of a hairy ball (top two rows) and a square with holes (bottom two rows). Column (a) shows the number of
Newton iterations at convergence for each time step, averaged over the sub-steps. Column (b) is the zoomed-in Newton Convergence curve at
a single frame. Column (c) shows the total number of clamped eigenvalues using our unified projection strategy versus the F-based projection
to zero [TSIF05] or absolute value [CLL∗24]. Our algorithm consistently, and often dramatically, outperforms the other strategies.
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